(Accepted for publication in the Journal of Algebra as of 7/13/98.)Minuscule Elements of Weyl Groups, the Numbers Game,and d-Complete PosetsRobert A. Proctor*Department of MathematicsUniversity of North CarolinaChapel Hill, North Carolina 27599Abstract. Certain posets associated to a restricted version of the numbers gameof Mozes are shown to be distributive lattices. The posets of join irreducibles ofthese distributive lattices are characterized by a collection of local structuralproperties, which form the definition of d-complete poset. In representationtheoretic language, the top "minuscule portions" of weight diagrams forintegrable representations of simply laced Kac-Moody algebras are shown to bedistributive lattices. These lattices form a certain family of intervals of weakBruhat orders. These Bruhat lattices are useful in studying reduced decomposi-tions of l-minuscule elements of Weyl groups and their associated Schubertvarieties. The d-complete posets have recently been proved to possess both thehook length and the jeu de taquin properties.*Supported in part by NSA Grant No. MDA 904-95-H-1018.Corrected Page Proofs Version, 1/14/99

21. IntroductionExcept for some motivating comments, the only background needed to read this paper isfamiliarity with basic poset concepts. There are combinatorial motivations for this materialwhich are independent of Lie theory. In fact, the "numbers game" viewpoint of this paper maybe explained to lay people. Readers who are unfamiliar with Weyl groups should skip the nextsix paragraphs and resume reading with the description of the numbers game.In the context of the highest weight theory of finite dimensional representations for simpleLie algebras, the simplest representations are the minuscule representations. A finite dimensionalrepresentation is minuscule if all of its weights lie in the Weyl group orbit of the highest weight.Although there are no minuscule representations for Kac-Moody algebras, the weight diagramsof many integrable Kac-Moody representations begin with small "minuscule portions."This paper combinatorially characterizes the minuscule portions of the weight diagramsfor dominant integral highest weight representations of simply laced Kac-Moody algebras. The"d-complete posets" which arise in this characterization have applications to representations, toreduced decompositions of Weyl group elements, and to two seemingly unrelated combinatorialissues.Let l be a dominant integral weight for a simply laced Kac-Moody algebra, and let Wbe its Weyl group. Dale Peterson defines w ˛ W to be l-minuscule if there exists somedecomposition sik�si1 of w such that sij(sij—1�si1l) = (sij—1�si1l) — aij for 1 £ j £ k,where ai is the simple root associated to si. The portion of the weight diagram for therepresentation with highest weight l from l to wl will be seen to have properties similar tothose enjoyed by the entire weight diagram for a minuscule representation of a simple Lie algebra.Let Lw denote the poset of weights between l and wl with respect to the reverse of the usualordering by positive simple roots. It turns out that Lw is the same poset as the interval [e,w]in the Bruhat and weak Bruhat orders on the set of cosets W/Wl, where Wl is the stabilizer of l.Our first theorem, Theorem A, states that Lw is a distributive lattice. In this paper wewill call such lattices "wave lattices." (In title of the companion paper [Pr1] to this paper, theselattices were called "l-minuscule Bruhat lattices.") Any finite distributive lattice L may bemore succinctly described by its subposet P of join irreducible elements. If a poset P can arise

3as the poset of join irreducibles for a wave lattice L, then we will call it a "wave poset." Themain result of this paper is a complete characterization of wave lattices in terms of thecorresponding wave posets. The characterization of wave posets is given in terms of certainlocal structural properties. A poset P is said to be "d-complete" if it possesses this collection oflocal structural properties (Section 3). So the main result of this paper, Theorem B, may bestated as: A poset is a wave poset if and only if it is a d-complete poset. A concept closelyrelated to the notion of d-complete poset is that of "colored d-complete poset." The weightgeneration process also produces a coloring of the elements of the wave poset P. Proposition8.6 implies that the notions of d-complete and of colored d-complete are equivalent.The notion of d-complete poset first arose as follows. Let g be a simply laced Kac-Moody algebra. Let l be a dominant integral weight, let w be l-minuscule, and let P bethe colored wave poset associated to w as above. In [Pr4], we produced a combinatorialanalog of Lakshmibai’s basis [Lak] for the Demazure modules of the positive Borel subalgebra ofg with lowest weights m(wl) for m ‡ 1. This construction was stated independently ofconventional Lie theory in the context of arbitrary colored posets. It was shown that a family ofmodules associated to a colored poset P possessed bases like those of Lakshmibai and Seshadriif and only if P was colored d-complete. The present paper completes the program of [Pr4] inthe following sense: Theorem B guarantees that the methods of [Pr4] can be applied to all of theDemazure modules described above. A corollary to the methods of [Pr4] is a combinatorialproof of the Demazure character formula for this small family of Demazure modules.Any l-minuscule Weyl group element w has the "fully commutative" propertyintroduced by Stembridge [Ste]. The wave/Bruhat lattices Lw indexed by such l-minuscule wdescribe the Schubert subcell structure of certain Schubert varieties Xw. These Schubertvarieties are the simplest Schubert varieties in a certain sense, i.e. they are the analogs in a certainsense of the Schubert varieties of a Grassmannian. Further Weyl group, representation theory,and geometric comments appear in Section 10.The numbers game of Mozes [Moz] can be explained to any lay person. Let G be afinite simple graph: no loops or multiple edges are allowed. Here is the restricted version of thisone player game which will be considered in this paper. The game begins at an initial state

4which consists of an assignment of integer labels to the nodes of G. One move consists of thefollowing: Choose a node d which currently has a +1 label. Change that label to —1 and add+1 to the labels of each of the nodes adjacent to d. We say that we have "fired" the node d.From this new state, one is again allowed to perform any such move. We organize the varioustallies of "node firings" which can arise from a sequence of moves away from the fixed initialstate into a partially ordered set. The general version of our first result states that any principalorder ideal of this poset is a distributive lattice. For our main result, we require that all of theinitial labels be non-negative. The distributive lattices which arise in that case are just the wavedistributive lattices mentioned three paragraphs above. That paragraph describes the main resultof this paper, Theorem B, and should be read by all readers at this point.The posets which are produced by Theorem B, the d-complete posets, form a class ofposets which are of interest for combinatorial reasons. Shapes (Ferrers diagrams) and shiftedshapes are diagrams upon which tableaux and plane partitions are formed. Such diagrams maybe viewed as posets. Tableaux and plane partitions on shapes and on shifted shapes have attract-ed much attention over the last 25 years or so. Is there a more general class of posets in whichsome of the nice properties enjoyed by shapes and shifted shapes continue to hold? The class ofd-complete posets is a good generalization with respect to two such properties.In [Pr1] we give an explicit Dynkin diagram classification of all possible d-completeposets. There it is shown that any connected d-complete poset has a globally tree-like structuresuch that each of the local "slant irreducible" components falls into one of 15 possible classes.Each slant irreducible component is indexed by a Dynkin diagram which is embedded in thebottom of its order diagram. For 14 of 15 classes, the Dynkin diagrams are of "general type E."This classification may be regarded as a classification of simply laced l-minuscule Weyl groupelements or of the "simplest" Schubert varieties. (As is explained in Section 3, the definition ofd-complete poset used in the present paper is the order dual of the definition used in [Pr1] and inthe other papers of this series.)The first two of the 15 classes of irreducible d-complete posets are the classes of shapesand of shifted shapes. Rooted tree posets are shown in [Pr1] to form a family of d-completeposets which are trivial in a certain sense. These posets are defined in Section 3 below, as are

5the members of a fourth family of d-complete posets, the "double-tailed diamonds." These fourfamilies of d-complete posets were the only infinite families of posets known to have the "hooklength" property [Sag]: A poset P is said to be "hook length" if its associated P-partitiongenerating function factors in a certain nice fashion analogous to identities discovered by Eulerand Stanley. The first three of these families were the only infinite families of posets known tohave the "jeu de taquin" property: A poset P is said to be jeu de taquin if the result of playingSch�tzenberger’s sliding game is independent of the order in which the "empty labels" are slidout. In 1994 we conjectured that any d-complete poset possesses both the hook length and jeude taquin properties. After this paper was refereed, Dale Peterson and we proved the hooklength conjecture by combining facts from algebraic geometry and representation theory with thewave viewpoint of this paper. A corollary to this result is a generalization of the hook productformula for the number of standard Young tableaux on an ordinary shape to a product formula forthe number of order extensions of any d-complete poset. Given the relationships described inSection 10, this corollary can be viewed as a conversion of Dale Peterson’s hook formula for thenumber of reduced decompositions of a l-minuscule element into a combinatorial formanalogous to the original Frame-Robinson-Thrall form. More recently, we have proved the jeude taquin conjecture as well, by modifying and then extending Kimmo Eriksson’s proof of thejeu de taquin property for shapes to the other 14 classes of irreducible d-complete posets.There are three or four differences between the numbers game process of Mozes and ourprocess. Relative to [Moz], we are multiplying all labels by —1 in order to agree with thetraditional Lie theoretic approach employed in [Pr2]. Mozes allowed real numbers instead ofintegers. More importantly, relative to our sign convention, Mozes required that only one labelfor the initial state be positive. For our main result, we require that all initial labels be non-negative. Most importantly, Mozes’s process allows one move for each node with a positivelabel x: This label is replaced by —x, and x is added to the labels of each of the neighboringnodes. We require x = +1 to make a move based at that node. The general numbers game hasalso been studied in [AKP] [Bj�] [Eri].If one forms a square matrix from the set of vectors corresponding to our moves at thevarious nodes, one obtains the "discretized Laplacian" operator for the graph G. Visualize a

6portion of G which is simply a chain. Suppose that one node v has +1 assigned to it and thatthe other nodes have been assigned 0. View this situation as a guitar string which has beenpulled up at v but not yet released. The states locally attainable from this initial situation can bevisualized as snapshots of pulses propagating away from v as waves after the string is released.This square matrix is the generalized Cartan matrix for the simply laced Kac-Moody algebrawhose Dynkin diagram is G. Executing a move based at the ith node corresponds tosubtracting the positive simple root ai. Further details relating aspects of the numbers game toaspects of representation theory are given in Section 10.In [Pr2] we used the (as yet unnamed) numbers game to determine which of the Bruhatorders on parabolic quotients WJ of finite Weyl groups were distributive lattices. The answerwas that the weight diagrams of the minuscule representations constituted almost all such "Bruhatlattices." We defined a poset P to be minuscule if it was the poset of join irreducibles for theweight diagram of a minuscule representation. Ideals of these posets are the simple Lie algebraantecedents for the "wave posets" studied in this paper in the context of simply laced Kac-Moodyalgebras. The minuscule posets were pictured in Figure 2 of [Pr3]. In [Pr1] we show that a d-complete poset is minuscule if and only if it is order self-dual. In [Pr2], with R. Stanley, weshowed that every minuscule poset is "Gaussian" [Sta, p. 288].The two main results of this paper are stated at the end of Section 2, after our restrictedversion of the numbers game and the poset of tallies are defined. Section 3 presents thedefinition of d-complete poset. In Section 4, we obtain the distributive lattice result in thegeneral context where some of the initial labels may be negative. Section 5 constructs the posetsof join irreducibles for those distributive lattices. Beginning with Section 6, we assume that allof the initial labels are non-negative. Sections 6 and 7 prove that wave posets are d-complete.Sections 8 and 9 prove that any d-complete poset can arise as a wave poset.2. A Restricted Numbers GameReaders who are familiar with Lie representations or Weyl groups should read Section 10in tandem with this section. Let G be a simple graph with node set N. Let L := Z� N.Elements of L are wave states. For each d ˛ N, let ad ˛ L be defined by ad := (ab)b˛N

7with ad = +2, ac = —1 when c is adjacent to d, and ab = 0 otherwise. For each d ˛ N, theoperator Sd is partially defined on L by Sdm = m — ad if m = (mb)b˛N with md = +1. (Ifmd „ 1, then Sdm is undefined.) If md = +1, applying Sd to m fires node d. Let l =(lb)b˛N be a given fixed element of L; it is the initial state. Our restricted numbers game beginswith this initial state: The various play sequences of the game consist of applying the operatorsSd to l and its successors, provided that the actions are defined at each step. For example,Figure 1 presents a graph G (which is the Dynkin diagram E6). Figure 2 shows some statesgenerated by beginning to play the restricted numbers game starting with a particular l. In thelabels appearing in this figure, the entries are arranged to correspond with the geometry of G asit is depicted in Figure 1. The symbols "1," "0," and "—" indicate component values of states of+1, 0, and —1 respectively. The initial state l is at the bottom of Figure 2; it has a +1 at theleftmost node of G and 0’s elsewhere. The result of firing the +1 is shown above l.Thirteen later states produced with various choices of firings are shown higher up in Figure 2.For some choices of G and l, it is possible for this game to "loop" indefinitely. Forexample, if G is the affine Dynkin diagram E6(1) [Kac, p. 54] with its central node numbered0, let l = (0,1,0,—1,0;0,0). Then S1«S0S1««S2««S2«S1«S0S1««S1S0S2S1l = l — x, where x =1a2 + 2a1 + 3a0 + 2a1« + 1a2« + 2a1«« + 1a2««. But note that x = 0 in L. HenceS1«S0S1««S2««S2«S1«S0S1««S1S0S2S1l = l. (This example was inspired by Figure 7 of [Ste] andconsiderations from [Pr1].)We would like to introduce a partial ordering on the set of wave states produced by thenumbers game beginning with the initial state l such that the earliest states generated occur at thelowest elements of the poset. The example just presented indicates that this is impossible ingeneral. It turns out that it is possible when all of the initial labels are non-negative. However,we can show this only after a considerable amount of work. The additional objects introducednext, "tallies," can immediately be organized into a poset. Although we will continue to refer towave states, the tallies will become the primary objects for stating and deriving our results.Continue to work in the context of a fixed simple graph G with a given fixed initial statel ˛ L. Now we track the number of times that each node is fired. Let X := �NN. Elements of

8X are called tallies. Denote the initial tally (0,0,�,0) ˛ X by q. The wave state function Y:X fi L is defined by Y(p) = l — �b˛Npbab, if p = (pb)b˛N ˛ X. Note that Y(q) = l, theinitial state. An operator sd will act on X in parallel with the action of Sd on L to record thefirings of the node d. Let ed ˛ X be defined by ed := (eb)b˛N with ed = +1 and eb = 0elsewhere. For each d ˛ N, the operator sd is partially defined on X by sdp = p + ed ifY(p) = (mb)b˛N with md = +1. (If md „ 1, then sdt is undefined.) Let p ˛ X be such thatY(p) = m = (mb)b˛N with md = +1. Then Sdm is defined; let n := Sdm. Note that Y(sdp) =Y(p+ed) = n: By adding +1 to the dth component of p, the operator sd is tallying the firingof the dth node in passing from m to n.We recursively build up a subset W of X beginning with W := {q}. If p ˛ W andsdp = r for some d ˛ N, then adjoin r to W. Figure 3 shows 14 tallies generated byworking up from q in W for the example shown in Figure 2. It is best to think of Figure 3 asthe primary object; now Figure 2 merely depicts the wave states Y(p) corresponding to thetallies p. From now on we assume that for the given (G,l), the (possibly infinite) set W ofall possible tallies has been generated. Suppose that p, r ˛ W, with p = (pb)b˛N and r =(rb)b˛N. We define a partial order on W by: p £ r if pb £ rb for every b ˛ N. Let z ˛ W.Define Lz to be the subposet of W consisting of all p ˛ W such that p £ z. The topmost tallyshown in Figure 3 is one possible choice for a z ˛ W in this example; the rest of Figure 3 givesthe order diagram for the poset Lz.A lattice L is distributive if for every x, y, z ˛ L, the identities x�(y�z) = (x�y)�(x�z)and x�(y�z) = (x�y)�(x�z) hold. Let P be a poset. A subset I ˝ P is an ideal if it is closedbelow: y ˛ I, x £ y � x ˛ I. Given P, the poset J(P) is the poset of ideals of P orderedby containment. It is always a distributive lattice. Let L be a distributive lattice. An elementx ˛ L is join irreducible if it covers exactly one other element. The poset shown in Figure 3 is adistributive lattice. The symbol "#" has been placed above each of its join irreducible elements.Given a distributive lattice L, let j(L) denote its poset of join irreducibles. The poset j(L) forthe lattice L appearing in Figure 3 is displayed separately in Figure 4. The fundamental theoremof finite distributive lattices [Sta, p. 106] states that if P is a finite poset and L is a finite

9distributive lattice, then j(J(P)) @ P and J(j(L)) @ L. So a finite distributive lattice L iscompletely determined by its poset of join irreducibles P.Assuming the definition of "d-complete poset" which is given in the next section, we cannow state our main results.Theorem A. Let G be a simple graph with node set N and let l ˛ Z� N. Let W be theassociated poset of tallies. Then for any z ˛ W, the poset Lz is a distributive lattice.Theorem B. Let G be a simple graph with node set N and let l ˛ �NN. Let W be theassociated poset of tallies. A poset P may arise as j(Lz) for some such G and l andsome z ˛ W if and only if it is d-complete.Although we will not use the following reduction, we mention it for the sake ofexposition. There is no point in allowing initial labels which are +2 or larger, since thosenodes of G would just be ignored by the restricted numbers game. So for Theorem B, everyinitial label can be assumed to be 0 or +1. Firing one of the initial +1’s will enable adjacentnodes to be fired, provided that their initial labels were 0. Any new +1 which arises during afiring sequence can have its heritage traced back to a particular original +1. If a wavepropagating outwardly from one original +1 collides with a wave propagating outwardly fromanother original +1, a +2 label will be created and that node will henceforth be inactive. Fixsome z ˛ W. If we want to study only Lz, it can be seen that we may as well replace G at theoutset with a disjoint union of rooted trees in which each root has the initial label +1 and allother nodes have initial label 0. (Each node which appears at least once in z can beunambiguously assigned to one of the original +1 nodes according to the heritage of the firstwave to reach it. The "unambiguous" claim can be verified by considering the set of unfirednodes in z; this will be independent of the chain chosen to reach z from q.) Since everythingin this paper is well-behaved under disjoint union, one might as well restrict attention to the(G,l) cases in which G is a rooted tree and l has only a +1 at the root of G.The paper [Pr1] takes up where Theorem B leaves off by classifying all d-complete

10posets. As a consequence of that classification, it can be seen that there is an upper bound onthe length of any firing sequence for a given finite G and initial l ˛ �NN. This is in contrast tothe example above which had l ˛ Z� N. We do not know of any overlap between the finitenessresult just stated and the various terminating numbers games results of [AKP] [Bj�] [Eri] [Moz].3. Definitions of d-Complete and Colored d-Complete PosetsIn this paper, all posets (i.e. partially ordered sets) are assumed to be finite. Let P be aposet. The order-dual poset P* is defined on the same set as P, but with order defined byx £ y in P* if x ‡ y in P. The definitions presented in this section are the order duals of theanalogous definitions presented in the other papers of this series. In those other papers, aconnected d-complete poset has a unique maximal element. This agrees with the majority ofhistorical precedents: weight diagrams of representations, and ordinary and shifted tableaux forthe hook length and jeu de taquin properties. In this paper only, connected d-complete posetswill have unique minimal elements. We could not bear to define the order on the tallies in W byr £ p if rb ‡ pb for every b ˛ N. Staying with the maximal convention would have requiredconsidering the "meet irreducibles" of Lz rather than the traditional "join irreducibles." Finally,the convention used in this paper means that the lattices Lz will be intervals in weak Bruhatorders, rather than their order duals, since the convention for Bruhat orders is to start with theidentity as the unique minimal element.Let P be a poset. If x is covered by y in P, then we write x fi y. A chain is asubset of P of the form x0 fi x1 fi � fi xn. If w,z ˛ P, then the interval [w,z] := {x˛P:w £ x £ z}. Also, (w,z] := [w,z]—{w}. And [w,z) and (w,z) are analogously defined.Given x ˛ P, the principal ideal (x) is defined to be {y˛P: y £ x}. Given x1,�,xm ˛ P,the ideal (x1,�xm) generated by these elements is defined to be the union of the ideals (xi) for1 £ i £ m. From the context at hand, it will be clear whether (x,y) refers to an doubly openinterval or to an ideal generated by two elements.A subset {w,x,y,z} of P is a diamond if z covers x and y, and each of x and ycover w. The poset d3(1) is the four element poset consisting of one diamond {w,x,y,z}.

11The poset d4(1) is the six element poset formed by adjoining one element above the maximalelement of d3(1) and one element below the minimal element of d3(1). Generalizing, for k ‡ 3,the double-tailed diamond poset dk(1) has 2k—2 elements, of which two are incomparableelements in a middle rank and k—2 apiece form chains above and below the two incomparableelements. (In [Pr3], the poset dk(1) was defined to be the poset of join irreducibles of theBruhat lattice Dk(1) for the w1 representation of the simple Lie algebra of type Dk.)An interval [w,z] in P is a d3-interval if it is a diamond {w,x,y,z} for some x andy, or in other words, if [w,z] @ d3(1). More generally, for k ‡ 3, we say that an interval[w,z] is a dk-interval if is isomorphic to dk(1). A d3—-interval [x,y;z] consists of threeelements x, y, and z such that z covers both x and y. For k ‡ 4, we say that an interval[x,z] is a dk—-interval if is isomorphic to dk(1)—{b}, where b is the minimal element of dk(1).Suppose that [x,y;z] is a d3—-interval in a poset P. If there is no w ˛ P such that{w,x,y,z} is a d3-interval, then [x,y;z] is an incomplete d3—-interval. If there exists z« „ zsuch that [x,y;z«] is also a d3—-interval, then we say that [x,y;z] and [x,y;z«] overlap. Aposet P is d3-complete if it contains no incomplete d3—-intervals, if the minimal element of eachd3-interval is not covered by any elements outside of that interval, and if it contains nooverlapping d3—-intervals. We have just required:(D1) Anytime two elements x and y are covered by a third element z, there must exist afourth element w which is covered by each of x and y,(D2) If {w,x,y,z} is a diamond in P, then w is covered by only x and y in P, and(D3) No two elements z and z« can cover each of two other elements x and y.Let k ‡ 4. Suppose [x,z] is a dk—-interval in which y is the unique element covered byz. If there is no w ˛ P covered by x such that [w,z] is a dk-interval, then [x,z] is anincomplete dk—-interval. If there exists z« „ z covering y such that [x,z«] is also a dk—-inter-val, then we say that [x,z] and [x,z«] overlap. For any k ‡ 4, a poset P is dk-complete if:(D4) There are no incomplete dk—-intervals,(D5) If [w,z] is a dk-interval, then w is covered by only one element in P, and

12(D6) There are no overlapping dk—-intervals.A poset P is d-complete if it is dk-complete for every k ‡ 3.A colored poset (P,k) consists of a poset together with a coloring map k to a set ofcolors N. It is properly colored if no two incomparable elements are colored the same and noelement is colored the same as an element it covers. It is simply colored if in addition: wheneveran interval is a chain, the colors of the elements in that interval are distinct. For any k ‡ 3, acolored poset (P,k) is colored dk-complete if it is simply colored and dk-complete in such away that k(w) = k(z) in every invocation of D1 or D4. It is colored d-complete if it is coloreddk-complete for every k ‡ 3. The colored definitions could be simplified by droppingconditions D3 and D6: Proposition 8.1 states that D1 (or D4) together with simple coloringimplies D3 (or D6). Trivially, any d-complete colored poset (P,k) becomes a d-completeposet when the coloring function k is ignored. Proposition 8.6 states that any d-completeposet can be colored so that it becomes colored d-complete, and that there is essentially only onecoloring which will work.A rooted tree is a connected poset with a unique minimal element in which every otherelement covers at most one element. Rooted trees are obviously d-complete.4. Proof of Theorem ALet G be a fixed simple graph with node set N and let l be a fixed element of L = Z�N. Let W be the corresponding poset of tallies defined in Section 2.For elements m ˛ L and p ˛ W, we will write m = (mb) and p = (pb) instead of m =(mb)b˛N and p = (pb)b˛N. Let d ˛ N. If p ˛ W is p = (pb) with Y(p) = m = (mb), wewill define Cd(p) to be the dth coefficient of Y(p): namely, Cd(p) := md. Within proofs, wewill write aq�a1 instead of saq�sa1.Lemma 4.1. Let p,r ˛ W. If p £ r, then there exist c1,�,cr ˛ N such that r =scr�sc1p.

13Proof. Let p = ap�a1q and r = bq�b1q. Let t be maximal such that a1 = b1, �, at = bt.If t = p, we are done. Suppose that t < p. Note that Cat+1(at�a1q) = +1. Since p £ r,there must be some i > t+1 such that bi = at+1. Letting h be the minimal such i, we havebj „ at+1 for h > j ‡ t+1. Viewing the b’s as a’s, it is obvious that bh(bt�b1q) is defined.We claim that s = bh—1bh—2�bt+1bhbt�b1q is defined. Since bh ˇ {bt+1,�,bh—1}, thedecrease of Cbh(bt�b1q) caused by firing bh cannot adversely effect the original program offiring bt+1, �, bh—1 after reaching bt�b1l. It is conceivable that one of bt+1, �, bh—1, saybj, is adjacent to bh and that firing bh earlier could increase the value of Cbj(bj—1�b1q) to +2for some h—1 ‡ j ‡ t+1, and thereby interfere with that original program. But Cbh(bt�b1q) =Cat+1(at�a1q) = +1. If bj is adjacent to bh, then firing j would increase Cbh(bj�b1q) to +2before bh in its original position was reached. Then bq�b1q would not be defined. Hencebh is not adjacent to any of bt+1, �, bh—1, and so s is defined. Clearly s = bhbh—1bh—2�bt+1bt�b1q, and so r = bq�bh+1bh—1�bt+1bhbt�b1q with b1 = a1, �, bt = at, bh = at+1.By induction on t we can eventually reach r with a sequence of operators which passesthrough p. nLemma 4.2. Let p, r ˛ W. Then r covers p in W if and only if there exists some d ˛ Nsuch that r = sdp.Proof. One direction is immediate from the definition of £ on W and the other is immediatefrom Lemma 4.1. nNow we are ready to prove Theorem A. We continue to work in the context of our fixedG, N, l, etc. Extend the partial order on W to all of X. If p ˛ X is p = (pb), then wedefine the height of p by ht(p) := �b˛Npb.Proof of Theorem A. Let z = (zb) be a fixed tally in W. Then Lz is the interval [q,z] in W.Let p = (pb) and r = (rb) denote two elements of Lz. For each b ˛ N, let gb := min(pb,rb)and hb := max(pb,rb). Define two elements of X as follows: the weight meet j of p and ris defined by j := (gb) and the weight join y of p and r is defined by y := (hb). In orderto show that Lz is a lattice, we need only show that j and y are always elements of W. In

14fact, distributivity will also be known at that point: The operations of componentwise max andcomponentwise min always satisfy the distributive axioms.Note that y £ z. We inductively prove the following statements for k ‡ 0:(i) If ht(j) = k, then j ˛ W.(ii) If ht(j) = k, then y ˛ W.Suppose k = 0. Then j = q ˛ W. The proof of (ii) for k = 0 is obtained by taking k= 0 in the second paragraph below.Now suppose k > 0. Here we show j ˛ W by assuming that (i) and (ii) have beenshown for smaller values k« < k. Let t be maximal in Lz such that t £ j. If t = j, we aredone. Suppose t < j. Since t £ p and t £ r, Lemma 4.1 implies that there exist a1, �, apsuch that ap�a1t = p and b1, �, bq such that bq�b1t = r. Let i be minimal such that t +eai £ j. Let j be minimal such that bj = ai. (Such a j must exist, since eai £ j — t £ r — t.)Maximality of t implies both that i „ 1 and that Cai(t) „ +1. Note that Cai(bj—1�b1t) = +1,which implies that the actions of b1, �, bj—1 add at least 1 to Cai(t) when passing from t tobj—1�b1t. By the minimality of i and the definition of j, the intersection {a1,�,ai—1} ˙{b1,�,bj—1} is empty. Hence the meet of ai—1�a1t and bj—1�b1t is t. And ht(t) < k.Apply the induction assumption to conclude that the join g of ai—1�a1t and bj—1�b1t is inW. The proof of the existence of the join indicates that g = bj—1�b1ai—1�a1t. Note thatCai(ai—1�a1t) = +1. Since aj does not occur in b1, �, bj—1, by the statement above concern-ing the actions of b1, �, bj—1 we deduce that Cai(g) ‡ +2. But g £ y £ z, and so Lemma 4.1implies that there exist d1, �, dr such that z = dr�d1g. Now t £ j £ z implies that at leastone eai is added when passing from t to z. Note that none of the operators in the sequencebj—1�b1ai—1�a1 is equal to ai. Hence at least one of d1, �, dr must be equal to ai. ButCai(g) ‡ +2 implies that none of d1, �, dr can equal ai. This contradiction implies that t = j.Now we show the kth instance of (ii) using the kth instance of (i); i.e. that j ˛ Wimplies y ˛ W. Since j £ p and j £ r, by Lemma 4.1 we know that there exist a1, �, apsuch that p = ap�a1j and b1, �, bq such that r = bq�b1j. So Cb1(j) = +1. We claim

15that b1(ap�a1j) is defined. Since j was the meet of p and r, we know that b1 ˇ{a1,�,ap}. So Cb1(p) is not decreased by firing any of a1, �, ap. It could be increased to+2 by firing one of these, if one was adjacent to b1. Since p £ z, Lemma 4.1 implies that zcan be reached from p. Note that p + eb1 £ z. Hence b1 must be fired at some point inpassing from p to z. Therefore Cb1(j) cannot be increased to +2 by firing a1, �, ap insuccession. So b1(ap� a1j) is defined. Note that the meet of b1ap�a1j and r is j + eb1,which is just b1j ˛ W. Set j(1) := b1j and p(1) := b1ap�a1j. Note that j(1) £ p(1) £ z andj(1) £ r. Therefore the reasoning above can be repeated until we have attained p(q) = y,implying that y ˛ W. n5. The Posets Pz of Join Irreducibles of LzHere we continue to work in the environment of Section 4 described by G, N, l ˛ L =Z� N, W, z, and Lz. We now identify the join irreducible elements of the distributive lattice Lzand derive some basic facts concerning the subposet Pz of Lz consisting of those elements.Let d ˛ N. Suppose that p = (pb) ˛ X is such that Cd(p) = —1 and pd > 0. Thendefine rdp := p — ed. If Cd(p) „ —1 or if pd = 0, then leave rdp undefined. Note that ifY(p) = m, then Y(rdp) = m + ad. Hence Cd(rdp) = +1. Also note that if sdt is defined, thenrdsdt = t, and if rdp is defined, then sdrdp = p.Lemma 5.1. If p ˛ W and rdp is defined, then rdp ˛ W. So p covers t in W if andonly if there exists some d ˛ N such that rdp = t.Proof. Let p = bk�b1q = (pb). Since rdp is defined, we have Cd(p) = —1 and pd > 0. Letj be the largest i such that bi = d. Consider bk�bj+1bj—1�b1q. We have Cd(bj�b1q) =—1. Since Cd(p) = —1 and no bi = d for i ‡ j+1, none of bj+1, �, bk can be adjacent to d.Hence firing d at stage j cannot affect the firability of any of bj+1, �, bk. Hencebk�bj+1bj—1�b1q is defined. It is clearly equal to rdp, and so rdp ˛ W. The secondstatement now follows from Lemma 4.2. nGiven d ˛N and m ‡ 0, define h(d,m) to be the meet of all p = (pb) in Lz such that

16pd = m. The empty meet in Lz is q. Clearly h(d,0) = q for any d ˛ N. We say thath(d,m) is non-trivial if h(d,m) „ q.Lemma 5.2. An element of Lz is join irreducible if and only if it is a non-trivial h(d,m) forsome d ˛ N and some m ‡ 1. If h(d,m) is non-trivial, then rdh(d,m) is the unique elementin Lz which it covers.Proof: Let d ˛ N and m ‡ 1 be such that h(d,m) =: p = (pb) is non-trivial. Since p „ q, itmust cover something in Lz. If p = sct = (tb) for some c „ d, then td = pd = m,contradicting the definition of h(d,m). So we must have p = sdt for some t ˛ W. Hence t =rdp is the unique element in Lz covered by h(d,m).Suppose p = (pb) ˛ Lz covers only one element. Let d be the unique node such thatp = sdr for some r ˛ W. Let m = pd and set t := h(d,m) = (tb). So td = m. Clearly t £ p.Suppose that t < p. Then p = saq�sa1t for some a1, �, aq. None of the ai’s can be d,since pd = td = m. And raqp = siq—1�si1t is defined, a contradiction since aq „ d. Hencep = t = h(d,m). nLet P be an arbitrary finite poset and consider the distributive lattice L := J(P). Eachcovering relation in L describes augmenting an ideal I ˝ P by an element x ˛ P such thatI¨{x} ˝ P is also an ideal. Coloring the elements of P induces a coloring of the edges of L.(As T. Brylawski notes, a poset P is properly colored if and only if no two incident coveringedges in the the order diagram of J(P) have the same induced color.) Let L be a distributivelattice and set P := j(L). The standard isomorphism map j from J(P) to L takes eachprincipal ideal (y) to the join irreducible element y ˛ L.Returning to the context established at the beginning of this section, we now define Pzto be the poset of join irreducibles of Lz. So Pz is the poset formed by putting the inducedorder from Lz on the set of elements p of Lz of the form h(d,m) „ q for some d ˛ N andsome m ‡ 1. In Sections 5 - 8, the symbol h(d,m) will almost always denote an element ofPz. (But it must be a non-trivial h(d,m) when viewed as an element of Lz in order to be anelement of Pz.)

17We now want to transfer properties of elements of Lz (and their covering relations) tothe corresponding ideals of P (and maximal containments thereof). We will now begin to oftenrefer to elements of N as colors. If r covers p in Lz, then r = sdp for some color d. As-sign the color d ˛ N to this covering relation in Lz. Also define a coloring function k: Pz fiN as follows: If x ˛ Pz is h(d,m) for some m ‡ 1, then define k(x) := d ˛ N.Proposition 5.3. The coloring of the edges of Lz induced by the isomorphism Lz @ J(Pz)from the coloring of Pz agrees with the coloring of the edges of Lz defined by the operators sb.Proof: Let p be a join irreducible element of Lz and let x = h(d,m) be the correspondingelement of Pz. Let I be the ideal (x) and let H be the ideal (x)—{x}. Let t = (tb) := j[H]be the element of Lz corresponding to H. Note that j[I] = j[(x)] = p =: (pb). Since j[I]covers j[H], Lemma 5.2 implies that t = rdp. Hence p = sdt. Either way, the edge in Lzfrom j[H] to j[I] is colored by d.More generally, the ideals of Pz which can be augmented by x to induce a coloring ofan edge in J(Pz) @ Lz by d are precisely the ideals J containing H but not containing x. Forsuch an ideal J, let r = (rb) := j[J]. In Lz we have r ‡ t and r ‡/ p. Hence rb ‡ tb for allb ˛ N. And pb = tb when b „ d with pd = m and td = m—1. We can conclude that rd = m—1.Now augmenting J by x corresponds under j to taking the join of r with p, which corre-sponds to increasing rd by 1. Letting s := r�p in Lz, we have by Lemma 4.1 that s = sdr.So the operator coloring of this edge in Lz is d, which agrees with the coloring induced byadjoining x. Since every edge of Lz is produced by some such augmentation, we are done. nGiven an ideal I ˝ Pz, define the color count F[I] to be (ub), where ub is the numberof elements x ˛ I of color b. Any I can be built up from ˘ one colored element at a time,and any such building up will correspond to a chain in J(Pz) from ˘ consisting of colorededges. Let p = (pb) := j[I] ˛ Lz. By Proposition 5.3, for each d ˛ N, the number pd ofoperators sd needed to reach p in W is equal to ud. In other words, (ub) ” F[I] = j[I] ” (pb).So given Pz, the lattice Lz ˝ W can be reconstructed by forming the color counts of all ideals inPz and then ordering by componentwise comparison. Summarizing this section, we have:

18Proposition 5.4. Let z = (zb). Let I ˝ Pz be an ideal and let p = F[I] = (pb) = j[I] ˛ Lz.Then p is covered by an element sdp in Lz if and only if there exists a minimal element x inPz—I of color d if and only if Cd(j[I]) = +1 and pd < zd. Then j[I¨{x}] = sdp. And pcovers an element rdp in Lz if and only if there exists a maximal element x in I of color d ifand only if Cd(j[I]) = —1 and pd > 0. Then j[I—{x}] = rdp.If P is a poset, then an order extension of P is an order preserving bijection x: P fi{1 < 2 < � < |P|}. The preceding result implies that to each order extension x of Pz therecorresponds one chain (or firing sequence) in Lz from q to z. If, following Section 10, oneprefers to think of z as a simply laced l-minuscule element w of W, then the order exten-sions of the colored wave poset Pz correspond to the reduced decompositions of w. Hence:Corollary 5.5. Let W be a simply laced general Weyl group and let l be a dominantintegral weight. Let w be l-minuscule. Then the number of reduced decompositions of w isequal to the number of extensions of the associated wave poset Pz to a total order.6. First Properties of Wave PosetsLet G be a simple graph with node set N. From now on we will assume that l is afixed element of �NN ˝ L = Z� N; i.e. that all of the initial integer labels are non-negative. LetW, z, Lz, and Pz be as before. Any distributive lattice which arises as a Lz for some G andsome non-negative l ˛ �NN will be called a wave lattice. Any poset which arises as a Pz =j(Lz) for some non-negative l ˛ �NN will be called a wave poset. In this section we establishseveral facts concerning the local coloring structure of wave posets.Lemma 6.1. Let d ˛ N and m > 1 be such that h(d,m) is non-trivial. Then h(d,m—1) <h(d,m) in Pz. Therefore all elements of a given color in Pz are comparable.Proof. Let p = h(d,m—1) and r = h(d,m) in Lz. Let t := rdr =: (tb) as in Lemma 5.2.Then td = m—1, and so t enters into the meet defining p. Hence p £ t < r in Lz, and sop < r in Pz. n

19When l ˛ �NN, we have Cb(p) ‡ —1 for every p ˛ W and every b ˛ N. If we knowthat �sd�p is defined, then Cd(p) < +2, implying that Cd(p) ˛ {—1,0,+1}. Any —1 canhave arisen only from a firing of a +1. So if p = (pb), then Cd(p) = —1 implies pd > 0.Revisiting Proposition 5.4 with l ˛ �NN, we see that the requirement pd > 0 can be droppedsince it is now implied by Cd(p) = —1. Hence an important observation is that the joinirreducible elements p of Lz are those for which Cb(p) = —1 for exactly one b ˛ N.Lemma 6.2. Let p ˛ W. Then Y(p) cannot have —1’s at adjacent nodes of G.Proof. Suppose there are —1’s in Y(p) at adjacent nodes c and d. Suppose that p =an�a1q, with aq = c being (without loss of generality) the leftmost occurrence of c or d.Then —1 = Cd(an�a1q) = Cd(aq�a1q) = Cd(aq—1�a1q) + 1. But this is impossible, sinceCd(aq—1�a1q) ‡ —1 when l ˛ �NN. nLemma 6.3. Let x,y ˛ Pz. If k(x) is next to k(y) in G, then either x < y or y < x in Pz.Proof. If x and y are incomparable, they would be maximal elements of the ideal (x,y).Then by Proposition 5.4 there would be —1’s at both k(x) and k(y) in Y(j[(x,y)]),contradicting Lemma 6.2. nProposition 6.4. Let x be covered by y in Pz, with c := k(x) and d := k(y). Let p :=j[(x)] and r := j[(y)] be the corresponding elements of Lz. There exists a unique chain in Lzfrom p up to r. If this chain arises from r = sb1�sbnp, then bn, �, b1 form a path in Gconsisting of distinct successively adjacent nodes. Here b1 = d is adjacent to c, and c „ d.None of the other bi’s are equal to c or adjacent to c.Proof. Since p < r in Lz, we have r = aq�a1p for some a1, �, aq ˛ N. Thiscorresponds in Pz to successively adjoining elements to (x) to produce (y). Since x iscovered by y, all but the last of these elements (which is y itself) must be incomparable to x.By Lemma 6.1, we see that ai „ c for i < q. By Lemma 6.3, we see that ai is not adjacent toc for i < q. Since r is join irreducible, we have aq = d. Let b1 be the rightmost ai which

20is adjacent to c: There must be at least one such ai, or else there would be two or more —1’sin Y(aq�a1p). If there was a +1 at b1 in Y(p), then stop. Otherwise, let b2 be therighmost ai to the right of b1 in aq�a1p which is adjacent to b1. There must be at least onesuch ai somewhere in a1, �, aq before b1, or else no +1 at b1 would be created. If therewas a +1 at b2 in Y(p), then stop. Repeat until some bn is produced which has a +1 inY(p). There must be such a bn, since aq�a1p is defined. The only bj which could be equalto c would be b1, if b1 = aq. But b1 was chosen to be adjacent to c. Hence bj „ c for 1 £j £ n. Then there must be 0’s at each of b1, �, bn—1 in Y(p), since the only —1 label inY(p) was at c. Certainly bnp is defined. For h ‡ 1, the definition of bh+1 implies that it isthe only bj in bh+1�bnp which is adjacent to bh. Hence Cbh(bh+2�bnp) = 0 and soCbh(bh+1�bnp) = +1, implying that bh�bnp is defined if bh+1�bnp is defined. Sob1�bnp is defined. Clearly Y(b1�bnp) has only one —1 at b1. So b1�bnp is joinirreducible in Lz. Since p < b1�bnp £ r and r is a minimal join irreducible above p, wemust have b1�bnp = r. Hence b1 = aq, �, bn = a1. The bj’s are distinct by definition, andbj is adjacent only to bj+1 and bj—1 for 2 £ j £ m—1. The node bn is the unique bj with a+1 in Y(p). We know b1 = aq = d. It is clear that bn, �, b1 is the unique sequence suchthat r = sb1�sbnp, since p — r determines the number of times each node of N will be usedto reach r from p. We chose b1 = d to be adjacent to c, so c „ d. nCorollary 6.5. Let Pz be a wave poset. If y covers x in Pz, then the unique —1 inY(j[(y)]) is adjacent to the unique —1 in Y(j[(x)]). Corresponding to any chain x = xo fix1 fi � fi xn = y in Pz, there is a path in N traced out by the unique —1’s associated to(xo), (x1), � .An immediate consequence of Lemma 6.1 and Proposition 6.4 is:Corollary 6.6. Wave posets Pz are properly colored.Lemma 6.7. Let Pz be a wave poset and let z ˛ Pz. Then z cannot cover three or moredistinct elements in Pz.

21Proof. Suppose that z covers w, x, and y and let the corresponding colors be d, c1, c2, andc3. Since the w, x, and y are incomparable and Pz is properly colored, we see that d, c1, c2,and c3 are distinct. Each of c1, c2, and c3 is adjacent to d. Set p := j[(w,x,y)—{w,x,y}]and r := j[(w,x,y)]. Note that u = sc3sc2sc1t. Hence the value at d in the wave picture for(w,x,y) is at least +2. But the node d must be fired in order to reach (z) from (w,x,y),which is now impossible. So z cannot cover three distinct elements. nA cycle in a simple graph G with node set N is a subset C ˝ N such that everyelement of C is adjacent to exactly two other elements of C. We say that G is acylic if itcontains no cycles. Given z = (zb) ˛ W, define the support of z to be Nz := {d˛N: zd > 0}.Let Gz denote the subgraph of G induced by Nz.Lemma 6.8. Let z ˛ W. Then Gz is acyclic.Proof. Let z = an�a1q. Suppose that C ˝ Nz is a cycle. Let d be the last node in C to befired for the first time in an�a1q, and suppose that j is minimal such that aj = d. InitiallyCd(q) ‡ 0, and two neighbors of d will be fired before d is fired for the first time. HenceCd(aj—1�a1q) ‡ +2, implying that aj(aj—1�a1q) is undefined. So there is no cycle C ˝ Nz. nProposition 6.9. Wave posets Pz are simply colored.Proof. Let x,y ˛ Pz be such that the interval [x,y] is a chain. Denote this chain by x = x0 fix1 fi � fi xn = y, and set ai := k(xi) for 1 £ i £ n. Let J := (y) and I := J — {x1,�,xn} beideals in P. Set p := j[I] and r := j[J]. Then r = an�a1p in Lz. By Corollary 6.5, theai’s trace out a path in Gz. Let q < r be such that aq = ar and such that there are no repeatedcolors in aq+1, �, ar—1 or other occurrences of aq. In order to recharge the —1 produced ataq, there must be two distinct colors in aq+1, �, ar—1 which are adjacent to aq. These must beaq+1 and ar—1. So we would have a cycle in Gz, which is impossible. So the colors occuringin this chain must be distinct. nLemma 6.10. Let Pz be a wave poset. Suppose that x < y in Pz with k(x) =: c adjacent tok(y) =: d in G. Let (pb) := j[(x)] and (rb) := j[(y)]. If pc = rc, then y covers x in Pz.

22Proof. The unique —1 is at c in j[(x)] and at d in Y(j[(y)]). Suppose that y does notcover x; let x = x0 fi x1 fi � fi xn = y be a chain in Pz from x to y. By Corollary 6.5,the unique —1 will trace a corresponding path in Gz from c to d. If this path does not passthrough c again after leaving it, then we would observe a cycle in Gz. But Gz is acylic.And the node c cannot be fired after leaving j[(x)] since pc = rc. So y must cover x. n7. Wave Posets are Colored dk-CompleteWe continue to work in the environment established at the beginning of Section 6. Webegin by confirming that any wave poset Pz satisfies the axiom D1 for colored d3-completeness.Proposition 7.1. Suppose that in a wave poset Pz there exists some z which covers twoelements x and y. Then there exists a fourth element w ˛ Pz which is covered by both xand y, and in fact k(w) = k(z).Proof: Let k(x) = b and k(y) = c. By Lemma 6.7, we have (z)—{z} = (x,y). Suppose z =h(d,m) for some d ˛N and some m ‡ 1. Let (ra) := j[(x)]. Proposition 6.4 implies thatrd = m — 1 and that b and c are each adjacent to d. Let u = (ua) := j[(x,y)—{x,y}] in Lz.In passing from u to j[(x,y)], the nodes b and c are fired once apiece without d being firedat all. Hence ud = —1, or else the value at d would become too large to fire to reach j[(z)]from j[(z)—{z}]. So d was fired at least once before u, and so m ‡ 2. Set w := h(d,m—1).Obviously x > w and y > w. Note that rd = m—1. Lemma 6.10 implies that x covers w,and similarly it can be seen that y covers w. nProposition 7.2. Let Pz be a wave poset. If w,z ˛ Pz are such that w = h(d,m—1) andz = h(d,m) for some m ‡ 2, then [w,z] @ dk(1) for some k ‡ 3.Proof. Let w = x0 fi x1 fi � fi xn = z be a chain in Pz from w to z of maximal length.By Proposition 6.4, we must have n ‡ 2. Suppose that n = 2. By simple coloring, theremust be another element y besides x1 such that x < y < z. By the maximality of n, we have

23x fi y fi z. By Lemma 6.7, we have [w,z] @ d3(1).Now suppose that we have verified this proposition for 2 £ n« < n. By Corollary 6.5,the unique —1 traces out a path in Nz starting at d and ending at d as we observe Y(j[(x0)]),Y(j[(x1)]), � in Lz. Since Gz is acyclic, we must have k(x1) = k(xn—1) =: c. Assume n> 2. Choose a firing sequence in Lz from j[(w))] to j[(z)] which passes through eachj[(xi)]. Clearly the node d can be fired only as the very last step when reaching j[(z)] in Lz.There cannot be any firings at c beyond the arrivals at x1 and xn—1, or else the wave coeffi-cient at d would be raised too high. Hence x1 = h(c,q) and xn—1 = h(c,q+1) for some q ‡ 1,and we can apply our induction hypothesis to conclude that [x1,xn—1] @ dk(1) for some k ‡ 3.Now the open interval (x0,xn) can contain more than [x1,xn—1] only if there is either some u „x1 covering w = x0 such that u < z or some v „ xn—1 covered by z = xn such that v > w.In either case, there would be a node b „ c adjacent to d in N which would have to be fired atleast once when passing from j[(w)] to j[(z)] in Lz. With the two firings at c, this wouldraise Cd(j[I]) to at least +2 by the time we reached I = (z)—{z}. So [w,z] @ dk+1(1). nProposition 7.3. Wave posets Pz satisfy the D4 colored dk-complete axiom for any k ‡ 4.Proof. The proof will be by induction on k, with the k = 3 case (Proposition 7.1) serving asthe base case. Assume that k ‡ 4 and that the result has been shown for k« < k.Suppose that x,z ˛ Pz are such that [x,z] is a d—k-interval. Suppose z = s(d,m) forsome d ˛ N and some m ‡ 1. Let y be the element covered by z which is in this interval.Let c := k(y). The colors c and d are adjacent in G. By induction, axiom D4 is satisfied atk—1 (or the axiom D1 when k—1 = 3), and so [x,y] @ dk—1(1) implies that k(x) = c.Induction and Lemma 8.2 below imply that the color c appears nowhere else in [x,y]. Set p =(pb) := j[(x)—{x}]. In passing from p to j[(z)—{z}], the node c is fired twice: the elementsof color c form a totally ordered set, and so any other occurrences of c in this ideal build-upwould have to occur in [x,y]. Accepting for now that it exists (i.e. that m ‡ 2), set w :=h(d,m—1). We have w < z. Since d is adjacent to c, either w > y or w < y. The former isimpossible since z covers y. So w < y. And w > x or w < x. Suppose w > x. Then w

24˛ [x,y]. If w was a middle or higher element in [x,y], then [w,z] would be a chain and thesimple coloring condition would be violated. If w were below the middle in [x,y], then a"sister" element above the middle would violate the simple coloring condition with z. So w <x, if it exists. So there are no elements of color d when passing from p to j[(z)], except forthe very last step. This means that pd = —1 to start, or else the value at d would become toolarge to fire from the two firings at c. This means that d was fired at least once in reaching p,and so m—1 ‡ 1 and w exists. In passing from j[(w)] to j[(x)], the node d cannot befired, since w < x < z implies that j[(x)] has had d fired m—1 times. So Lemma 6.10implies that x covers w. Since k(w) = d = k(z), we have shown D4 at k. nProposition 8.1 below will indicate that we now can infer from proper coloring, coloredaxioms D1/D4, and finiteness that any wave poset Pz satisfies axioms D3/D6 for dk-completeness.Proposition 7.4. Wave posets Pz satisfy the D2/D5 axioms for dk-completeness for k ‡ 3.Proof. Suppose that [w,z] @ dk(1) for some k ‡ 3, and that there is an element u not belowz which covers w. Then k(u) is adjacent to k(w) in G. Since both u and z are maximalelements of the ideal (u,z), the adjacent —1’s in Y(j[(u,z)]) would violate Lemma 6.2. Sono such u can exist. nSince we have confirmed that any wave poset Pz satisfies the colored axioms D1-D6,we now know that it is colored d-complete. Recall that uncolored d-completenss followstrivially from colored d-completeness. Hence we have confirmed the forward direction ofTheorem B, since the posets j(Lz) there are precisely the wave posets Pz.8. Properties of d-Complete PosetsWe begin by presenting the two lemmas which were used in Section 7.Proposition 8.1. Let P be a properly colored poset which satisfies the colored D1/D4axioms for every k ‡ 3. Then P satisfies the colored D3/D6 axioms for every k ‡ 3.

25Proof. Let k = 3 and suppose that two elements z and z« each cover both of two otherelements x and y. Let k(z) = c1 and k(z«) = d1. Then applying D1 to z, we see that theremust exist an element w with k(w) = c1. Similarly there exists w« with k(w«) = d1. SinceP is properly colored, c1 „ d1. Hence we must have w „ w«. This reasoning would need tobe applied forever in order to satisfy D1. But P is finite. Hence having four such elements isimpossible and D3 holds. Let k ‡ 4 and suppose that two elements z and z« both cover anelement y for which there exists an x such that [x,y] @ dk—1(1), and that each of z and z« donot cover any other elements above x. Let k(z) = c1 and k(z«) = d1. Applying D4 implies theexistence of w and w« each covered by x, with (by proper coloring) distinct colors c1 andd1. So w „ w« again. Applying the D1/D4 axioms imply the existence of further elementsbelow w and w«, which together with repeating the above argument leads to a contradiction ofthe finiteness of P. So D6 is true as well, for k ‡ 4. nLemma 8.2. Let k ‡ 3. Let P be a colored dk«-complete poset for every 3 £ k« £ k. Ifw,z ˛ P are such that [w,z] @ dk(1), then no elements in [w,z] other than w and z havecolor k(w) = k(z).Proof. Let u and v be the two "middle" elements of [w,z]. Then [w,u] is a chain. SinceP is simply colored, all of the elements in (w,u] have colors distinct from k(w). By coloreddk«-completeness for k« < k, we see that the colors in the chain (u,z] are respectively the sameas those in [w,u). Repeat this reasoning for v and conclude that k(w) never occurs in (w,z). nLemma 8.3. No element can cover three or more other elements in a d-complete poset."Strict neck" elements in dk-intervals (necessarily k ‡ 4) cannot cover any elements outside ofthe interval.Proof. Let P be d-complete. Suppose that v ˛ P covers x, y, and z. Then by axiom D1,there exist elements w1, w2, and w3 which are covered by x and y, y and z, and x and zrespectively. If any two of these elements coincide, then axiom D2 would be violated. So theyare distinct. Now apply D1 three more times to produce elements v1, v2, and v3 which are

26covered respectively by pairs of the wi’s. This would continue forever, but we are assumingthat P is finite. If a "strict neck" element covered an element outside of the interval, axiom D1could be used to propagate diamonds downward until an element covering three other elementswas produced. nLet P be any poset. The bottom forest F of P is the subposet consisting of everyy ˛ P such that [x,y] is a (possibly empty) chain for every minimal element x of P.Lemma 8.4. Let P be a d-complete poset and let z be an element of its bottom forest F.Then there is exactly one minimal element x of P which is below z.Proof. Let w be one minimal element of P below z. Then there is a chain w fi � fi y fiz. If any of these elements covers another element outside of this chain, then repeatedapplications of D1 would produce a downward sequence of diamonds which would eventuallycontradict the fact that w is minimal. So z can have only one minimal element below itself. nLemma 8.5. Let P be a d-complete poset with bottom forest F and let z be a maximalelement of P. Then exactly one of the following is true:(i) The element z is a maximal element of F.(ii) There exists some k ‡ 3 and some w < z such that [w,z] @ dk(1).Proof. If z ˛ F, then it is clearly maximal in F. By Lemma 8.4, the element z cannot beas in (ii). Suppose that z ˇ F. If z = z1 covers only one element, denote that element z2.Repeat until some element zn covers two elements x and y. This must happen eventually, orelse z ˛ F. Then by D1, the elements x and y must cover some element wn. Apply D4 fork = 4, 5, �, n+2 to detect elements wn—1, �, w1 such that [wi,zi] @ dn+3—i(1). When i = 1,we have [w1,z1] @ dk(1) for k = n+2. nProposition 8.6. Let P be a d-complete poset with bottom forest F. Let N be a set ofcolors such that |N| = |F|. Let k: F fi N be a bijection. Then there is a unique extension of kto all of P which turns P into a colored d-complete poset.

27Proof: Use induction on |P|, with the base cases being the "forest" posets P such that P = F.If P „ F, let z be a maximal element of P not in F. Let P« := P — {z}. Since P« is an idealof P, it is d-complete. It will have the same bottom forest F. By induction, the coloring khas been uniquely extended to P« := P — {z}. By (ii) of Lemma 8.5, the element z is themaximal element of a dk-interval [w,z] for some k ‡ 3 and some w < z. Colored axiomsD1/D4 force the extension of k by k(z) := k(w) =: d. The sequence of choices of elements forthe induction is immaterial, since these extensions of k are determined only by the colors ofelements below z, and not by colors of elements incomparable to z. Note that z does notcover w. Suppose that the element w is not the unique maximal element of color d in P«,and that the adjunction of z is the first time for color d that the existing reference element w isnot the unique maximal element of color d. Then at some earlier stage an element z« „ z wasadjoined such that [w,z«] @ dh(1) for some h ‡ 3. The existence of both [w,z«] and [w,z] inP would lead to a violation of D2/D5. So w was the unique maximal element of color d inP«, and this implies that P is properly colored. The interval between two consecutiveoccurrences of one color will never be a chain when this procedure is followed. So P is simplycolored. n9. d-Complete Posets are Wave PosetsThroughout this section let P be a fixed d-complete poset. Let F be the bottom forestof P. Fix a bijection k from the elements of F to the colors in a set N such that |N| = |F|.Use Proposition 8.6 to color the elements of P so that it becomes a colored d-complete poset.Define a simple graph G on the node set N by taking its set of undirected edges to consist ofthe covering relations amongst the corresponding elements of F. As in Section 2, define L := Z�N. Let l = (lb) be the element of L such that lf = 1 if f ˛ N corresponds to a minimalelement of F, and such that lf = 0 otherwise. Construct W with respect to G and l as inSection 2. Taking I = P and ignoring the colors in the statement of the following propositionyields the reverse direction of Theorem B:Proposition 9.1. Let P be a colored d-complete poset with bottom forest F. Let G, l,

28and W be as just defined. Let I be an ideal of P. Then there exists an element z ˛ W suchthat Pz = I as colored posets.Proof. The ideal I is colored d-complete. Its colors come from N, and its bottom forest FI isan ideal of F. The proof is by induction on |I|. When |I| = 1, it consists of one minimal elementof P (or of F). It can be seen that a good z for I can be produced by firing the +1 at thecorresponding node of G. Let |I| > 1. Let z be a maximal element of I. Let d := k(z). SetI«= I — {z}. By induction, let z«˛ W be such that I« = Pz« = j(Lz«) as colored posets. Belowwe will argue in each case that sdz« =: z is defined in W. Since Lz will have one more rankthan Lz« as a distributive lattice, it will be the case that j(Lz) will consist of j(Lz«) with oneelement adjoined as a new maximal element. Proposition 5.4 will be used often in this proof.There are two possibilities for z listed in Lemma 8.5, where P is to be replaced by Iand F by FI. First suppose that z is a maximal element of FI. If z is also minimal in P,then I is the disjoint union of I« and z. Consider defining z := sdz«. From the procedure ofProposition 8.6, any color appearing in I« (i.e. any node fired to reach z«) must appear in thebottom forest of I«. Since the colors of elements of FI are distinct, the node d cannot havebeen fired yet in z«, and so the original +1 at d in Y(q) = l is still present. So z isdefined, and h(d,1) is a non-trivial element of Lz. Clearly h(d,1) = sdq. Let t denoteh(d,1) viewed as an element of j(Lz); it is of color d. Clearly j(Lz) is the disjoint union ofI« = j(Lz«) and {t}, and so j(Lz) = I as desired.Next suppose that z is maximal in FI, but not minimal in P. Hence ld = 0 in l.Since z is non-minimal in FI, it covers exactly one element of FI, say y with k(y) := c.Now y ˛ I«, and so by induction the node at c is fired in reaching Lz«. As before, any colorappearing in I« must appear in FI«. So any such color cannot label an element of F above z.The only other node adjacent to d in G is c. So c is the only node adjacent to d which wasfired in reaching z«. We now show that it was fired only once in this process. The element yis the minimal element of I« of color c, and there are no others: Otherwise by Proposition 7.2for Pz« = I«, there is an interval [y,h(c,2)] @ dk(1) for some k in I«. Since z ˇ I«, it cannot

29be in this interval of I«, and then in I it would be an element violating D2/D5 for that dk(1)interval. So the node c is fired only once in I«, and thus Cd(z«) = +1. Hence we may definez := sdz«. We want to locate the non-trivial h(d,1) in Lz. Let yn fi yn—1 fi � fi y1 = ydescribe (y) ˝ F, and let cn, cn—1, �, c1 = c be the corresponding colors. Then clearlyh(c,1) = c1�cnq and h(d,1) = dc1�cnq in Lz. Let t denote h(d,1) viewed as an elementof j(Lz). Observe that t ˇ j(Lz«), and it covers only h(c,1) in j(Lz) since h(d,1) = sdh(c,1)in Lz. But j[(y)] = h(c,1) ˛ j(Lz«). So j(Lz) consists of j(Lz«) = I« together with anelement t of color d adjoined which covers only y. But z covered only y in I. Hencej(Lz) = I as desired.Now we consider possibility (ii) of Lemma 8.5. Let k ‡ 3 and w ˛ I be such that zis the maximal element of a dk-interval [w,z].Suppose k = 3. Then there exist x, y, w ˛ I« such that in I we have z covering xand y, and in I« each of these elements covers w. Let b and c be the colors of x and y.Note that k(w) = k(z) = d is adjacent to each of b and c. Let z« > w be minimal in I« suchthat k(z«) = d. Then by Proposition 7.2 we have [w,z«] @ dh for some h ‡ 3. But in I wealso have [w,z] @ d3(1). This would lead to some kind of violation of D2/D5, since z „ z«.Hence w is the maximal element of color d in I«. There is some m ‡ 1 such that w = h(d,m).Note that there is a unique —1 at d in Y(j[(w)]). Pass from j[(w)] to j[(x,y)] inLz« by using edges specified by building up to (x,y) from (w) in I«. If v ˛ (x,y) — (w) isnot above w, then it is incomparable to w. Then Lemma 6.3 implies that k(v) is not adjacentto k(w) = d. So no colors for elements used in the build-up besides those for x and y can beadjacent to d. So the firings at b and c are the only firings which occur adjacent to d inpassing from (w) to (x,y). Hence Cd(j[(x,y)]) = +1. Let a1, �, aq be a sequence of nodesin Gz« such that z« = aq�a1j[(x,y)]. These are just the colors of the elements in I« — (x,y).Since w is the maximal element in I« of color d, none of the ai’s are equal to d. Supposethat one of them is adjacent to d. Let v be an element in I« — (x,y) of that color, and letj[(v)] = (ub). Since reaching w was the last time that d was fired, we have ud = m. Thenby Lemma 6.10, we see that v covers w in I«. So then v covers w in I. Since [w,z] @

30d3(1) and I is d-complete, by D2 we see that v must be either x or y. But v was chosenfrom I« — (x,y). So none of the a1, �, aq are adjacent to d. Hence Cd(z«) = +1. Define z := sdz.We now know that h(d,m+1) is non-trivial in Lz. By the l ˛ �NN version ofProposition 5.4, we see that the only —1’s in Y(j[(x,y)]) are at b and c. Define p :=sdj[(x,y)]. Then there is only one —1 in Y[p], and it is at d. Hence h(d,m+1) = p. Let tdenote h(d,m+1) when viewed as an element of j(Lz). Since w = h(d,r) was the maximaloccurrence of d in j(Lz«), the element t ˇ j(Lz«). So j(Lz) consists of j(Lz«) together withthe one element t of color d. By Lemma 8.3, we see that z covered exactly x and y in I.It is clear from the work above and Lemma 6.10 that t covers x and y in j(Lz). By Lemma6.7, we see that these are the only elements that t covers in j(Lz). So j(Lz) = I when k = 3.Now suppose that k ‡ 4. Then there exists w ˛ I« such that [w,z] @ dk(1) in I.Note that k(w) = k(z) = d. Let x be the unique (by D5) element of I« which covers w and lety be the unique (by Lemma 8.3) element of I« which is covered by z. Note that [x,y] @dk—1(1). Let c := k(x) = k(y). Note that c is adjacent to d. As with k = 3, we can see thatthe element w is the maximal element of color d in I«. Let w = h(d,m).Note that there is a unique —1 at d in Y(j[(w)]). Pass from j[(w)] to j[(y)] in Lz«by using edges specified by building up to (y) from (w) in I«. If v ˛ (y) — (w) is not abovew, then it is incomparable to w. Then Lemma 6.3 implies that k(v) is not adjacent to k(w) =d. So in the build-up, only colors for elements in [x,y] could be adjacent to d. If a color bappears in [x,y], then there exists a u ˛ [x,y] such that k(u) = b and [w,u] is a chain.Corollary 6.5 implies that the sequence of colors corresponding to this chain form a path in Gz«.Since this graph is acyclic, none of these colors is adjacent to d except for the first, viz. c =k(x). So two firings at c are the only firings which occur adjacent to d in passing from (w)to (y). Hence Cd(j[(y)]) = +1. Let a1, �, aq be a sequence of nodes in Gz« such that z« =aq�a1j[(y)]. These are just the colors of the elements in I« — (y). An argument similar to theone used here for k = 3 shows that Cd(z«) = +1. Again define z := sdz.

31We now know that h(d,m+1) is non-trivial in Lz. Note that the unique —1 for j[(y)]is at c. Define p := sdj[(y)]. Then there is only one —1 in Y[p], and it is at d. Henceh(d,m+1) = p. Let t denote h(d,m+1) when viewed as an element of j(Lz). As above, theposet j(Lz) consists of j(Lz«) together with the one element t of color d. By Lemma 8.3, wesee that z covered only y in I. It is clear from the work above and Lemma 6.10 that t coversy in j(Lz). Note that (y) = h(c,r) for some r ‡ 1. Since h(d,m+1) = sdh(c,r) in Lz, it mustbe the case that t covers only y in j(Lz). So j(Lz) = I when k ‡ 4 and we have finished theproof of Proposition 9.1. n10. Group, Representation, and Geometric CommentsLet G be fixed simple graph with finite node set N. View G as a simply laced Coxeterdiagram, and let W be the corresponding Coxeter group. Let L be the set of labellings(mi)i˛N of the nodes of G with integers. For each k ˛ N, let Sk be the operation onelements of L which multiplies the kth label mk by —1 and adds mk to the labels of each ofthe adjacent nodes. This action is linear, and it is easy to check that the Coxeter relations Sk2 =e, SjSk = SkSj (for j and k non-adjacent), and SkSjSk = SjSkSj (for j and k adjacent) arepreserved. Hence L is a W-module. Our restricted numbers game generates initial portions ofthe orbits of initial vectors under this action.Let g denote the simply laced Kac-Moody algebra with Dynkin diagram G, and let g«denote its derived subalgebra. Let h and h« denote the Cartan subalgebras of g and g«. Thespace h« has a basis {ai�}i˛N consisting of the simple coroots. Let {wi}i˛N denote thefundamental weight basis of h«*; here wi(aj�) = dij is the definition of wi. For i ˛ N, let aidenote the restriction of the ith simple root of g to h«. With this notational convention we haveai ˛ h«*, and the ai are no longer linearly independent if g is not finite dimensional. Whenone expresses a restricted root ak in terms of the wi, one obtains ak = 2wk — �wj, where thesum is over all j ˛ N which are adjacent to k in G. Let L denote the Z� -lattice in h«*generated by the wi: this is the set of the restrictions of the elements of the usual lattice P ˝ h*to h«. Let L+ denote the set of non-negative integral sums of the wi. Let W be the Weyl

32group of g. The action [Kac, p. 35] of W on h* restricts to h«*. It is well known that theWeyl group W of g is the Coxeter group of the preceding paragraph, and it is easy to see thatthe the Kac-Moody action of W on L becomes the action of the preceding paragraph when allvectors are written as N-tuples with respect to the wi basis.We now relate the restricted numbers game of Section 2 to this action of W on L. Thewave state space L becomes the lattice L. A potential initial state l ˛ �NN for Theorem B isjust a dominant integral weight l ˛ L+. The space of tallies X is the set of non-negative sumsof positive simple roots restricted to h«. The initial tally q is the empty sum of positive simpleroots, and Y(q) = l. Other tallies are to be subtracted from l after being converted to the wibasis. The wave state corresponding to the tally sik�si1q is Y(sik�si1q) = Sik�Si1l. Afurther tally can be generated with the action of sd if [sik�si1l](ad�) = +1, i.e. if the dthcoefficient with respect to the wi basis is +1.Put the reverse of the usual order on L: for m,n ˛ L, we say that m ‡ n if n — m is asum of positive roots. Lemma 3.11 of [Kac] can be used to prove the following lemma: Let l˛ L+ and w ˛ W. Then for k ˛ N, l(Skw) > l(w) if and only if Skwl > wl.Fix l ˛ L+. We say that w ˛ W is l-minuscule if there exists some decompositionw = Sik�Si1 such that Sij(Sij—1�Si1l) = (Sij—1�Si1l) — aij for 1 £ j £ k. Now think of las being an initial state. Applying the procedures of the restricted numbers game to l willobviously produce all possible such decompositions Sik�Si1 for all l-minuscule elements win W. Fix one such game play sequence i1, �, ik and set w := Sik�Si1. Then z := l — wlis the corresponding tally sik�si1q. Theorem A stated that the poset Lz defined in Section 2 isa distributive lattice. Under the map Y, this lattice becomes the subposet Y(Lz) of L. LetWl denote the stabilizer of l in W. Using the results of this paper, one can associate a well-defined element v ˛ W/Wl to each tally p ˛ Lz. Let the symbol w also denote the element ofW/Wl corresponding to z. Using the lemma just noted above, it can be seen that the orderinherited from Lz by the subset of W/Wl generated in this fashion is the same as the orderobtained from the notion of weak Bruhat order. Let [e,w] be the initial interval in the weakBruhat order on W/Wl determined by w. The lemma above can also be used to conversely

33show that any v ˛ [e,w] is represented in Lz, and that [e,w] is order isomorphic to Lz.When the full Bruhat order on W/Wl is realized on the orbit Wl, the only covering relationswhich are not already present in the weak Bruhat order correspond to subtraction of multiples ofnon-simple roots. The fact that the ranks of Y(Lz) are spaced apart by the subtraction of justone positive simple root at each step implies that the initial interval [e,w] in the full Bruhat orderon W/Wl is also isomorphic to Lz.Fix l ˛ L+. Let P(l) denote the set of weights of the integrable g« module withhighest weight l. Let w = Sik�Si1 ˛ W be l-minuscule. Set z := sik�si1q and m := wl(= Y(z)). The set of weights corresponding to the elements of Lz, i.e. all weights of the forml — p for p ˛ Lz, is Y(Lz). Let P(l)m denote the subset of P(l) consisting of weightswhich are weakly below m in our order on L. It will be shown in a future version of [Pr4] thatP(l)m = Y(Lz), and that each weight in this set occurs with multiplicity one for therepresentation. The set P(l)m is what we meant in the introduction by a "minuscule portion" ofthe weight diagram for the representation.For f ˛ N, let wf = (lb)b˛N denote the element of L with lf = +1 and lb = 0otherwise. The reduction given near the end of Section 2 amounts to saying: If we want tostudy a particular l-minuscule w or the corresponding portion [e,w] of a weight lattice, thenwe might as well study several simpler situations of the form (G«,l), where G« is a rooted treeDynkin diagram with root f and l = wf.Let w be a l-minuscule element of a simply laced Weyl group. Let z be thecorresponding tally constructed above, and let Pz be the corresponding colored wave posetconstructed in Section 5. Then as noted just before Corollary 5.5, the reduced decompositionsof w correspond to the order extensions of Pz. The x = 1 specialization of our recent hooklength generating function result for d-complete posets (joint work with Dale Peterson) yields ahook product formula for the number of order extensions of Pz and for the number of reduceddecompositions of w. Propositions 8.6 and 9.1 imply that one can obtain a hook product countof order extensions for any (uncolored) d-complete poset.

34The classification of d-complete posets [Pr1] can be used to list all simply laced l-minuscule elements and all of their reduced decompositions.Let G be the simply laced Kac-Moody group corresponding to g. Consider l = wf forsome f ˛ N. Let P be the corresponding maximal parabolic subgroup of G. Let w be l-minuscule. Then the Schubert subvariety Xw of the flag manifold G/P has a particularlysimple structure which is described to some extent (Schubert cellular decomposition) by thedistributive lattice Lz, where z corresponds to w as above. These subvarieties are closelyanalogous to the Schubert subvarieties Xw of Grassmannians. In those cases, the wave posetsPz = j(Lz) arising for a fixed G/P are precisely the shapes contained within a fixed rectangularposet. It is well known that each such shape Pz contains geometrically useful informationconcerning the corresponding variety Xw. The general simply laced "l-minuscule" Schubertsubvarieties Xw above are automatically classified at the same time that all d-complete posets areclassfied in [Pr1], and it is hoped that the irreducible d-complete posets P drawn there will beas helpful in studying these varieties as the shapes Pz have been for the Grassmannian Schubertvarieties. A small example of this was the re-derivation in [Pr2] of the degrees of the minusculeflag manifolds by counting the number of order extensions of the associated d-complete posets(then called "minuscule" posets).Let W be an arbitrary Coxeter group. Stembridge has studied the elements w ˛ W forwhich the weak Bruhat interval [e,w] is a distributive lattice [Ste]. He showed that thisproperty is equivalent to w being "fully commutative," viz. any reduced decomposition for wcan be converted into any other reduced decomposition for w using only relations of the formsisj = sjsi. Let w be l-minuscule. By relating [e,w] in the weak Bruhat order to the posetLz as above, we can use Theorem A to conclude that [e,w] is a distributive lattice. ThenTheorem 2.2 of [Ste] implies that w is fully commutative. The wave posets Pz of this paperarise as "heaps" in [Ste]. Our Theorem B can be thought of as characterizing the heaps of someparticularly nice fully commutative elements from simply laced Weyl groups.I would like to thank Shrawan Kumar for some helpful conversations.

35References[AKP]N. Alon, I. Krasikov, Y. Peres, Reflection sequences, American Math. Monthly96 (1989), 820 - 822.[Bj�]A. Bj�rner, On a combinatorial game of S. Mozes, preprint, 1988.[Eri]K. Eriksson, Strongly convergent games and Coxeter groups, Ph.D. Thesis, KunglTekniska H�gskolan, 1993.[Kac]V. Kac, Infinite dimensional Lie algebras, Cambridge University Press, 1990.[Lak]V. Lakshmibai, Bases for Demazure modules for symmetrizable Kac-Moodyalgebras, in Linear Algebraic Groups and Their Representations, 59 - 78,Contemporary Math. 153, AMS, Providence, 1993.[Moz]S. Mozes, Reflection processes on graphs and Weyl groups, J. CombinatorialTheory A 53 (1990), 128 - 142.[Pr1]R. Proctor, Dynkin diagram classification of l-minuscule Bruhat lattices and ofd-complete posets, J. of Algebraic Combinatorics, to appear.[Pr2]R. Proctor, Bruhat lattices, plane partition generating functions, and minusculerepresentations, European J. of Combinatorics 5 (1984), 331-350.[Pr3]R. Proctor, A Dynkin diagram classification theorem arising from a combinatorialproblem, Advances in Math. 62 (1986), 103-117.[Pr4]R. Proctor, Poset partitions and minuscule representations: External construction ofLie representations, Part I, preliminary manuscript.[Sag]B. Sagan, Enumeration of partitions with hooklengths, European J. Combinatorics3 (1982), 85-94.[Sta]R. Stanley, Enumerative Combinatorics, Vol. I, Wadsworth & Brooks/Cole,Monterey, 1986.[Ste]J. Stembridge, On the fully commutative elements of Coxeter groups, J. ofAlgebraic Combinatorics 5 (1996), 353 - 385.