Dynkin Diagram Classificationof l-Minuscule Bruhat Lattices and of d-Complete PosetsRobert A. Proctor*Department of MathematicsUniversity of North CarolinaChapel Hill, North Carolina 27599Abstract. d-Complete posets are defined to be posets which satisfy certain localstructural conditions. These posets play or conjecturally play several roles inalgebraic combinatorics related to the notions of shapes, shifted shapes, planepartitions, and hook length posets. They also play several roles in Lie theory andalgebraic geometry related to l-minuscule elements and Bruhat distributive latticesfor simply laced general Weyl or Coxeter groups, and to l-minuscule Schubertvarieties. This paper presents a classification of d-complete posets which isindexed by Dynkin diagrams.Key Words and Phrases: d-complete posets, minuscule Weyl groupelements, reduced decompositions, Dynkin diagrams.*Supported in part by NSA Grant No. MDA 904-95-H-1018Journal of Algebraic Combinatorics Final Version, 11/20/98

21. IntroductionA poset is "d-complete" if it satisfies certain local structural conditions which are listed inSection 3. In this paper we describe all possible d-complete posets. This includes an explicitlisting of all possible "irreducible components" of d-complete posets. Each such irreduciblecomponent is indexed by a connected Dynkin diagram which is embedded in the order (Hasse)diagram of the component. The next three paragraphs are addressed to readers familiar with Lieand Coxeter groups and should be skipped by other readers. Except for those paragraphs andSection 15, this paper may be read by anyone who is familiar with basic poset concepts. Thereare combinatorial motivations for studying d-complete posets which are independent of Lietheory, e.g. the hook length property.Let W be a simply laced general Weyl group, i.e. the Weyl group associated to somefixed simply laced Kac-Moody algebra. Let l be a dominant integral weight. Dale Petersondefines w ˛ W to be l-minuscule if there exists some decomposition sik�si1 of w such thatsij(sij—1�si1l) = (sij—1�si1l) — aij for 1 £ j £ k, where ai is the simple root associated to si.In the companion paper [Pr1] to this paper, we showed that if w is a l-minuscule element for asimply laced general Weyl group, then the initial interval [e,w] in either the weak or strongBruhat order on W/Wl is a distributive lattice. Set Lw := [e,w]. These are the "l-minusculeBruhat lattices" mentioned in the title of this paper. Any finite distributive lattice L isdetermined by its subposet P of "join irreducible" elements. In [Pr1] we characterized theposets P which could arise as posets of join irreducibles of l-minuscule Bruhat lattices Lw.This characterization amounted to the satisfaction of several certain local structural conditions;we defined a poset to be "d-complete" if it satisfied all of those conditions. The present paperdescribes all possible d-complete posets. (However, the definition of d-complete used in thispaper is the order dual of the definition given in [Pr1]; the statements made above are made withrespect to the [Pr1] definition.) Using a couple of easy translation steps from [Pr1], thedescription of all d-complete posets given in the present paper can be converted into a descriptionof all possible l-minuscule elements for simply laced general Weyl groups.Let W be an arbitrary Coxeter group. Stembridge has studied the elements w ˛ W forwhich the weak Bruhat interval [e,w] is a distributive lattice [Ste]. He showed that this

3property is equivalent to w being "fully commutative," viz. any reduced decomposition for wcan be converted into any other reduced decomposition for w using only relations of the formsisj = sjsi. It can be seen that every l-minuscule element w is fully commutative. Section 15contains further remarks on some Weyl group implications of this paper; also consult the lastsection of [Pr1] for for comments on representation theoretic and geometric implications. Inparticular, the list of d-complete posets given in this paper index a family of particularly simpleSchubert subvarieties of Kac-Moody flag manifolds, and it is hoped that each poset drawn in thispaper will embody much useful geometric information for the corresponding variety. Also, thed-complete posets describe the structures of the "minuscule" portions of weight diagrams forintegrable representations of simply laced Kac-Moody algebras.In [Pr4], we re-constructed some special cases of a basis of Lakshmibai [Lak] forDemazure modules in a poset-theoretic setting. We showed that a colored poset has such a basisfor a module associated to it if and only if it is a colored d-complete poset. This was the originof the notion of d-complete poset. Proposition 8.6 of [Pr1] implies that the notions of d-complete poset and of colored d-complete poset are equivalent.The introduction for a general audience begins here. Section 3 contains the definition of"d-complete" poset. In Section 4 we show how to decompose an arbitrary connected d-complete poset into a "slant sum" of "irreducible components." In Sections 5 and 6 we deriveseveral facts about irreducible components; the most important being that a combinatoriallydefined subposet of an irreducible component, its "top tree," must be "Y-shaped." In Sections9 - 13 we define 15 exhaustive classes of irreducible components and describe all of the membersof each class. In 14 out of the 15 classes, the top tree of an irreducible component must be aDynkin diagram of "general type E." This listing of possibilities is summarized in Section 7.Combining the theorems of Sections 4, 5, and 7 gives the classification of d-complete posets.Shapes (Ferrers diagrams) and shifted shapes are diagrams upon which Young tableauxand plane partitions are defined. The boxes of a (shifted) shape may be viewed as the elementsof a certain poset. Then shapes and shifted shapes constitute two particular infinite families ofposets. These two families of posets essentially form our Classes 1 and 2 of irreduciblecomponents. Two other infinite families of posets which are important for this paper are defined

4in Sections 2 and 4: these consist of "double-tailed diamonds" and "rooted trees." The doubletailed diamond posets play a central role in the definition of d-complete poset. Rooted treeposets are the "trivial" d-complete posets in a certain sense. By introducing the notions of d-complete and slant sum, and by describing the irreducible components in Classes 3 - 15, thispaper may be thought of as "filling out" the category of posets "hinted at" by shapes, shiftedshapes, double-tailed diamonds, and rooted trees. "Slant irreducible components" may bethought of as being the result of "weaving together" many double-tailed diamonds in a certainfashion. General connected d-complete posets are obtained by combining slant irreduciblecomponents with the slant sum operation.A poset P is said to be "hook length" if its associated P-partition generating functionfactors in a certain nice fashion analogous to identities discovered by Euler and Stanley. Untilrecently, the only known infinite families of hook length posets were shapes [St1], shiftedshapes [Gan] [Sag], rooted trees [St1], and double-tailed diamonds. With Dale Peterson, werecently have shown that any d-complete poset is a hook length poset, by combining facts fromalgebraic geometry and representation theory with the viewpoint of [Pr1]. A corollary to thisresult is a generalization of the hook product formula for the number of standard Young tableauxon an ordinary shape to a product formula for the number of order extensions of any d-completeposet. This corollary can be viewed as a conversion of Dale Peterson’s (long known) hookformula for the number of reduced decompositions of a l-minuscule element into a combinatorialform analogous to the original Frame-Robinson-Thrall form.After reading the definition of d-complete poset in Section 3 (with references to Section 2as needed), browsers should also glance at the definition of slant sum in Section 4. Next theyshould read the last third of Section 4 (following the Corollary), which contains the theorem fordecomposing d-complete posets into their irreducible components. This theorem is illustratedby Figure 3. Then they should skim the description of the classification of irreduciblecomponents presented in Section 7, while consulting Table 1 and Figures 5.1 - 5.15. Exceptfor Sections 1, 14, and 15, this paper is entirely self-contained.It is possible [Pr1] to recast the l-minuscule definition above as a mild modification of

5the naively expressible "numbers game" on the simple graph G. This game has been studied inseveral papers, including [Moz] [Bj�] [AKP] [Eri]. The paper [Pr1] quickly shifts to such anaive environment. If one preferred, one could regard the Dynkin diagram classification resultof this paper as being for certain aspects of a certain numbers game.In [Pr2] we found all Bruhat orders on parabolic quotients WJ of finite Weyl groupswhich are distributive lattices. We called the associated posets of join irreducibles "minuscule,"since they were exactly the posets of join irreducibles for the distributive lattices arising as weightdiagrams for minuscule representations. In Section 14 we use our classification result to showthat a d-complete poset is order self-dual if and only if it is a minuscule poset. (The minusculeposets are the only known Gaussian posets [St2, p. 288].)2. Poset DefinitionsLet P be a poset (finite partially ordered set). If x is covered by y, we write x fi y.The order diagram of P is the directed graph made with such edges. Two subsets of a poset arenon-adjacent if they share no elements and if there are no edges joining an element in one to anelement in the other. A poset is connected if its order diagram is connected. Any poset can beexpressed as a direct sum of non-adjacent connected subposets. An ideal of P is a subset I ˝ Psuch that y ˛ I and x £ y imply that x ˛ P. A filter of P is a subset F ˝ P such that x ˛ Fand y ‡ x imply that y ˛ P. If x ˛ P, then the principal ideal (x) := {y: y £ x}. If x,y ˛ P,we define intervals [x,y] := {z: x £ z £ y} and [x,y) := {z: x £ z < y}. A chain of length n inP is a sequence of elements x0 fi x1 fi � fi xn. The order dual poset P* of P is definedon the same set of elements as P by: y £ x in P* if x £ y in P.Let Q denote the set of integral points in the strict fourth quadrant of the plane. Itselements (i,j) will be coordinatized as in a matrix, so i ‡ 1 and j ‡ 1. We turn Q into a posetby: (i1,j1) ‡ (i2,j2) if i1 £ i2 and j1 £ j2. A shape l = (l1,l2,�) is a finite filter of Q withli elements of the form (i,j). Note that l1 ‡ l2 ‡ � ‡ lr > 0 for some maximal r ‡ 0. Thewidth of l is l1 and the length of l is r. Let O denote the "octant" subposet of Q formedby taking the weakly upper triangular portion of Q: (i,j) ˛ O if j ‡ i. A shifted shape m =

6(m1,m2,�) is a finite filter of Q with mi elements of the form (i,j). Note that m1 > m2 > �> mr > 0 for some maximal r ‡ 0. The width of m is m1 and the length of m is r. Whendepicting such posets with graph paper, the "up" direction is Northwest, not North as usual.Let L(r,c) denote the set of shapes l whose length does not exceed r and whose widthdoes not exceed c. Let S(r,c) denote the set of shifted shapes whose length does not exceed rand whose width does not exceed c. Let S(r,c)M denote the maximal element of S(r,c), viz.the shifted shape with row lengths c, c—1, c—2, �, c—r+1. The set S(r,c)« is defined to consistof all filters of the order dual of S(r,c)M.The order diagrams of the "double-tailed diamond" posets dk(1) are shown in Figure 1for k = 3, 4, and 5. For k ‡ 3, the double-tailed diamond poset dk(1) has 2k—2 elements,of which two are incomparable elements in the middle rank and k—2 apiece form chains aboveand below the two incomparable elements. (The poset dk(1) is the poset of join irreducibles ofthe Bruhat lattice Dk(1) for the w1 representation of the simple Lie algebra of type Dk. [Pr2])The k—2 elements above the two incomparable elements are called neck elements, and whenk ‡ 4 all but the lowest of these are called strict neck elements.Let P be a poset. A subset {w,x,y,z} of P is a diamond if z covers x and y, andeach of x and y cover w. The top and bottom of this diamond are z and w, and the sidesare x and y. An interval [w,z] is a d3-interval if it is a diamond {w,x,y,z} for some x andy, or in other words, if [w,z] @ d3(1). More generally, for k ‡ 3, we say that an interval[w,z] is a dk-interval if is isomorphic to dk(1). A d3—-interval [w;x,y] consists of threeelements x, y, and w such that x and y each cover w. For k ‡ 4, we say that an interval[w,y] is a dk—-interval if is isomorphic to dk(1)—{t}, where t is the maximal element of dk(1).3. d-Complete PosetsLet P be a poset with elements w, x, and y. Suppose that [w;x,y] is a d3—-interval.If there is no z ˛ P such that {w,x,y,z} is a d3-interval, then [w;x,y] is an incomplete d3—-interval. If there exists w« „ w such that [w«;x,y] is also a d3—-interval, then we say that[w;x,y] and [w«;x,y] overlap. A poset P is d3-complete if it contains no incomplete d3—-

7intervals, if the maximal element of each d3-interval does not cover any elements outside of thatinterval, and if it contains no overlapping d3—-intervals. We have just required:(D1) Anytime two elements x and y cover a third element w, there must exist a fourthelement z which covers each of x and y,(D2) If {w,x,y,z} is a diamond in P, then z covers only x and y in P, and(D3) No two elements x and y can cover each of two other elements w and w«.Let k ‡ 4. Suppose [w,y] is a dk—-interval in which x is the unique element coveringw. If there is no z ˛ P covering y such that [w,z] is a dk-interval, then [w,y] is anincomplete dk—-interval. If there exists w« „ w which is covered by x such that [w«,y] is alsoa dk—-interval, then we say that [w,y] and [w«,y] overlap. For any k ‡ 4, a poset P is dk-complete if:(D4) There are no incomplete dk—-intervals,(D5) If [w,z] is a dk-interval, then z covers only one element in P, and(D6) There are no overlapping dk—-intervals.A poset P is d-complete if it is dk-complete for every k ‡ 3. It is easy to see that anyfilter of a d-complete poset is itself d-complete. Note that D5 implies: Any strict neck elementof a dk-interval (necessarily k ‡ 4) in a d-complete poset covers exactly one element. Now welist some properties which follow from D1 and D2.Proposition. Let P be a poset with elements w, x, x«, y, z which satisfies D1. Then thefiniteness of P implies:(F1) Suppose that x £ x«, x fi y, and y £/ x«. Then there exists a y« ˛ P which covers x«.(F2) If P is connected, then it has a unique maximal element z0.(F3) If P is connected, every chain from an element w to z0 has the same length.If in addition P satisfies D2, then:(F4) If P is connected, each element of P other than z0 is covered by 1 or 2 elements.

8Proof. For F1, let x =: x0, x1, �, xk := x« be such that xi covers xi—1 for 0 < i £ k. Lety0 := y. For 1 £ i £ k apply D1 to [xi—1;xi,yi—1] to see that a yi exists which covers xi andyi—1. It is never the case that yi = x«, since yi ‡ y but x« ‡/ y. Let y«:= yk. For F2, note thatP has at least one maximal element since it is finite. Suppose it has at least two maximalelements z0 and z1. Since P is connected, there will be a "up/down path" from z0 to z1 ofshortest possible length. Let y be the earliest element such that y £/ z0 and let x be thepreceding element on the path: x £ z0. Applying F1 produces a contradiction of the maximalityof z0, and so z0 must be unique. For F3, let w be maximal in P such that w fi a1 fi �fi ar = z0 and w fi b1 fi � fi bs = z0 with r > s. Clearly s > 1, and so b1 < z0. Use D1to construct c2, c3, � along a1 fi � fi ar = z0 such that a1 fi c2 and b1 fi c2, then a2 fic3 and c2 fi c3, etc. By the maximality of z0, there must exist some t £ r such that ct = at.Thus b1 fi c2 fi � fi ct = at fi � fi ar = z0 and b1 fi b2 fi � fi bs = z0 are chains oflengths r—1 > s—1, contradicting the maximality of w. For F4, note that if an element iscovered by three or more other elements, then D1 and D2 force P to be infinite, as illustrated inFigure 2. n4. Slant Sum DecompositionIt is easy to see that a poset is d-complete if and only if each of the posets defined by theconnected components of its order diagram is d-complete. So for our classification, we willconsider only connected d-complete posets. The notion of slant sum introduced here will beused to break connected d-complete posets into smaller pieces, as illustrated in Figure 3.In this paper, a rooted tree is a poset which has a unique maximal element, and is suchthat each non-maximal element is covered by exactly one other element. It is easy to see thatrooted tree posets are d-complete.Let P be a connected poset with a unique maximal element z. A top tree element x ˛ Pis an element which is covered by at most one other element and is such that every y ‡ x iscovered by at most one other element. The top tree T of P consists of all top tree elements. Itis easy to see that T is a filter of P which is a rooted tree under the order inherited from P.

9Obviously the top tree of a rooted tree T is all of T.Let P be a connected d-complete poset with top tree T. An element y ˛ P is acyclic ify ˛ T and it is not in the neck of any dk-interval for any k ‡ 3. An element of P is cyclic if itis not acyclic. If y ˛ P is cyclic, then either it is in the neck of some dk-interval or there existssome z ‡ y which is covered by two elements. If y ˛ T, then it is cyclic if and only if it is inthe neck of some dk-interval.Let P1 be a d-complete poset containing an acyclic element y. Let P2 be a connectedd-complete poset which is non-adjacent to P1. By F2, let x denote the unique maximalelement of P2. Then the slant sum of P1 with P2 at y, denoted P1 y\x P2, is the posetformed by creating a covering relation x fi y. A d-complete poset P is slant irreducible if it isconnected and it cannot be expressed as a slant sum of two non-empty d-complete posets.Suppose that P is a connected d-complete poset with top tree T. An edge x fi y of P is aslant edge if x,y ˛ T and y is acyclic.All of the elements of a rooted tree P1 are acyclic. A one element poset P2 is d-complete. If y ˛ P1, then the slant sum P1 y\x P2 will be a rooted tree. Any iterated slantsum formed with one element posets will be a rooted tree, and every rooted tree can be obtainedin this fashion.All of the edges of a rooted tree are slant edges. One element posets are slant irreducible.Removing all of the edges of a rooted tree produces a disjoint union of slant irreducible posets.What if we remove a slant edge from an arbitrary connected d-complete poset?Proposition A. Let P be a connected d-complete poset and let x fi y be a slant edge. LetP2 := (x) and let P1 := P — (x). Then P is a slant sum P1 y\x P2 of two non-adjacentconnected d-complete posets P1 and P2. The top tree of T of P is the slant sum T1 y\x T2of the top trees T1 and T2 of P1 and P2. The acyclic elements of P are acyclic in P1 orP2, and slant edges other than x fi y are slant edges in P1 or P2.Proof. By definition, y is acyclic. Since y is the only element covering x in P, therecannot be any dk-conditions passing through x and beyond. Suppose that some element u „ x

10in (x) is covered by some element v in P — (x). Since x is covered only by y, an argumentsimilar to that used to prove F1 could be used to show that y would be the top element of adiamond. So aside from x fi y, the subsets P1 and P2 are non-adjacent and any dk—-intervals contained in (x) � P are completed within (x). Hence P2 := (x) is d-complete.Since P2 is an ideal of P, the subset P1 is a filter. Hence P1 is d-complete. Clearly y willremain acyclic in P1. Obviously x is the maximal element of (x). Removing one edge of aconnected poset creates at most two components. So P = P1 y\x P2 as claimed. The otherstatements are easy. nGoing in the other direction, we have:Proposition B. Let P1 be a connected d-complete poset with acyclic element y and let P2be a connected d-complete poset with maximal element x. Then the slant sum P := P1 y\x P2is a connected d-complete poset. If T1 and T2 are the top trees of P1 and P2, thenT1 y\x T2 is the top tree of P. The acyclic elements of P1 and P2 are acyclic in P, the slantedges of P1 and P2 are slant edges in P, and the edge x fi y is a slant edge in P.Proof. The added edge is the only edge joining an element of P1 to an element of P2. Since yis not below any element which is covered by two elements and x is not covered by any otherelement, adding a downward edge at y cannot cause a violation of D1, D4, D3, or D6. Sincey is not in the neck of any dk-interval in P1, adding this edge cannot cause a violation of D2 orD5. So P1 y\x P2 is d-complete. It is given that y is acyclic in P1; in order for y to not beacyclic in P, the element x would have to be the maximal element of some dk—-interval in P2for some k ‡ 4. This is impossible since P2 is d-complete. The other statements are easy. nThese two results can be combined to immediately yield:Proposition C. Let P be a connected d-complete poset. Then P is slant irreducible if andonly if it contains no slant edges. Also, P is slant irreducible if and only if every acyclicelement is a minimal element of its top tree.We now use this proposition to describe the structure of any connected d-complete poset

11P. First locate all of its slant edges. These may be erased in any order to produce a collectionP1, P2, � of uniquely determined smaller non-adjacent connected d-complete posets. No newslant edges are created, and so each of P1, P2, � are slant irreducible. We say that P1, P2, �are the slant irreducible components of P.Conversely, suppose that P1, P2, � are slant irreducible d-complete posets in whichwe have identified all acyclic elements. In general, many different possible larger connected d-complete posets can be formed from these posets by forming various slant sums. Acyclicelements remain acylic and may be used more than once, but maximal elements cease to bemaximal after being used as the bottom of a slant edge. This procedure generalizes the processof producing any rooted tree by forming an iterated slant sum of one element posets. There existslant irreducible d-complete posets with no acyclic elements; given only such posets we wouldnot be able to form larger connected d-complete posets.The remaining sections of this paper will be devoted to listing all possible slant irreducibled-complete posets. We will regard the one element poset as the trivial slant irreducible d-complete poset. By irreducible component we will mean a slant irreducible d-complete posetwhich has two or more elements. An irreducible component has a unique maximal element andis not a rooted tree. Hence its order diagram contains at least one cycle when viewed as a graph.Theorem. Let P be a connected d-complete poset. It may be uniquely (up to the order ofoperations) decomposed into a slant sum of one element posets and irreducible components. Thetop tree of P is an analogous slant sum of the top trees of the irreducible components.In order to avoid producing a huge number of one element components during thedecomposition, one might want to avoid erasing slant edges which occur within trees. It ispossible to describe a smaller set of "cut" edges whose removal will produce a slant sum ofmaximal subtrees and (non-trivial) irreducible components: Suppose that P is a connected d-complete poset with top tree elements x and y. A slant edge x fi y is a down cut edge if y isthe side element of some diamond in P; it is an up cut edge if x is cyclic. A slant edge may beboth a down cut edge and an up cut edge. In Figure 3, both kinds of cut edges are denoted with

12double slash marks. Erasing all of these edges produces our preferred "grapevine" view of anarbitrary connected d-complete poset: Such a poset consists of many irreducible components(viewed as bunches of grapes: any irreducible component contains at least one cycle; view theminimal cycles as grapes) which are connected together with maximal tree portions (portions ofthe vine outside of the bunches). The only botanically incorrect aspect of this model is that ourvine can recontinue from a "corner" of a bunch of grapes. The larger dots and the heavier edgesindicate the top trees of the irreducible components of this d-complete poset.5. The Top Tree of an Irreducible ComponentFrom now on, let P denote some fixed irreducible component, viz. a slant irreducibled-complete poset with at least two elements. In this section we learn that the top tree T of Pmust be "Y-shaped."Lemma. Let T be the top tree of an irreducible component P. Suppose z,y ˛ T are suchthat z is the top of a diamond with side element y. Then y is a diamond top in P if and onlyif it is not a minimal element of T.Proof. If y is not minimal in T, it is cyclic in P by Proposition 4.C. Since the bottom of thediamond whose top is z cannot be in T, we know that y covers at least two elements. So itcannot be cyclic by being a strict neck element of a dk-interval for some k ‡ 4. Hence y mustbe a diamond top. Suppose that y is a diamond top in P. If each of the elements covered byy is covered by some element different from y, there would be two distinct elements coveringy. But y ˛ T. So one element covered by y is covered by only y, and that element must bein T, contradicting the minimality of y in T. nWe now need to define a particular kind of rooted tree. Let f ‡ 0 and h ‡ g ‡ 0 beintegers. The rooted tree Y(f;g,h) consists of one "branch" element above which a chain of felements has been adjoined and below which two non-adjacent chains with g and h elementsrespectively have been adjoined toward the left and toward the right respectively.From now on, all order diagrams will be rotated 45ß counterclockwise before being

13drawn, so that the "up" direction is "Northwest." With this convention, the order diagram forY(f;g,h) appears as the f+g+h+1 topmost and leftmost elements in Figure 4.Theorem. Let P be an irreducible component. Then its top tree T is of the form Y(f;g,h)for some f ‡ 0 and h ‡ g ‡ 1.Proof. Consider a non-minimal element z of T. By Proposition 4.C, it is cyclic. Since z ˛T, it must be in the neck of some dk-interval for some k ‡ 4. But elements in the strict neck ofa dk-interval for k ‡ 4 cover exactly one other element of P. Therefore z can cover two ormore other elements of T only if it is the top of some diamond in P. The only way z cancover two or more other elements of T and be a diamond top in P is for the side elements xand y of the diamond to be the other elements of T covered by z. Of course z cannot coverany other elements of P, or of T. So branches in T can only be two-fold branches such thatthere exists a fourth element of P which is covered by each of the branching elements.Since P is not a tree, the set P — T is non-empty. Let w be a maximal element ofP — T. Note that w must be covered by two elements of T, call them x and y. Then thereexists an element z of T which covers both x and y. So T has at least one branching.Now we show that there can only be one such branching. Let z be a minimal suchbranch node, which covers x and y. Let v be minimal in T such that v > z and such that vis another such branch node. Let t and u be covered by v, and let s ˇ T be covered by tand u. One of t and u must be above z in T; suppose that it is u. By the lemma, u is adiamond top. One of the side elements of this diamond must be in T; call it r. Let q be thebottom of this diamond. Application of the lemma can be iterated until an element analogous to ris actually z. For simplicity of notation, depict this with r = z. Then not only would z coverx and y as a diamond top, it would also cover q. This is impossible by D2. Therefore wemust have q coinciding with either x or y. But q ˇ T and both x,y ˛ T. Therefore there isexactly one branch in T, and it is a two-fold branch. Draw P so that the longer lower branchof T is to the right. n

146. The Top Filter of an Irreducible ComponentWe continue to consider the fixed irreducible component P. Let f, g, and h be such thatthe top tree T of P is Y(f;g,h). Let e0 be the branch node in T. Let e1 and e2 be theelements of T covered by e0, with e1 being on the left branch (the one of length g). Let e3ˇ T be the unique element of P covered by e1 and e2 whose existence was noted in the proofof the theorem. Successively label the elements of T above e0 by n1, �, nf. Label theremaining elements on the two lower branches by a2, �, ag and d2, �, dh. All of theseelements named so far are shown in Figure 4, as are some other elements whose existence willsoon be proved. Given this notation, we can state some additional facts which are apparentfrom the proof of Theorem 5:Proposition A. Let P be an irreducible component with top tree T = Y(f;g,h). For2 £ i £ f, the element ni covers only ni—1. For 1 £ i £ f—1, the element ni is covered only byni+1. The element e0 is covered only by n1 and is a diamond top of a diamond with sideelements e1 and e2.Acyclic elements of irreducible components can only possibly occur at two specificlocations:Proposition B. Let P be an irreducible component with top tree T = Y(f;g,h). The branchelements a2, �, ag—1 and d2, �, dh—1 are diamond tops. The minimal elements ag and dhof T cannot be diamond tops, and these are the only two elements of P which could be acyclicelements. Each of these elements is acyclic if and only if it is not in the strict neck of some dk-interval for some k ‡ 4.Proof. Continuing the proof of Theorem 5, repeated applications of Lemma 5 can be used toshow that all but the last element of each lower branch are diamond tops. And Lemma 5implies that these last elements are not diamond tops, since they are minimal in T. Theseminimal elements of T are the only possible acyclic elements of P. Since they cannot bediamond tops, each fails to be cyclic precisely when it lies in the strict neck of some dk-interval

15for some k ‡ 4. nBefore proceeding, we need to state a local structural fact for d-complete posets.Lemma. Let P be a d-complete poset, with z, x, y ˛ P. Suppose that z covers x and y,each of which is a diamond bottom. Then z can cover at most one other element q. Thiselement q can be covered by no other elements, and any element covered by q can be coveredonly by q.Proof. Let r and s denote the diamond tops covering z which correspond to the diamondbottoms x and y. Let u denote the diamond top covering r and s. If z covered both q1and q2, then [q1,u] and [q2,u] would violate D6 with k = 4. Suppose q is covered by z.If q is also covered by an element other than z so that D3 is not violated, then a third diamondtop t would cover z, violating F4. Let w be covered by q. If w is covered by an elementv other than q, there must be a diamond top corresponding to the diamond bottom w. Itcannot be z by D2 since z covers x and y. (This would be the case if v = x or v = y.)Hence an element other than z covers q, violating an earlier conclusion. nWe return to the consideration of the fixed irreducible component P with top treeT = Y(f;g,h). Let b2, �, bg and c2, �, ch denote the bottoms of the diamonds whoseexistence arose during the proof of Proposition B. If f ‡ 0 and h ‡ g ‡ 1, define the posetU(f;g,h) by the order diagram of Figure 4. We now show that the irreducible component Pmust contain a filter of this form; we call it the top filter of P.Proposition C. If the irreducible component P has top tree T = Y(f;g,h), then it contains afilter of the form U(f;g,h), which itself contains T. The only elements of U(f;g,h) which cancover elements outside of U(f;g,h) are b2, �, bg, c2, �, ch, t1, �, tf.Proof. The diamond top e0 cannot be a strict neck element for any dk-interval. Therefore inorder for the edge e0 fi n1 to not be a slant edge, the element n1 must be the top of some d4-interval with diamond bottom e3. Hence e3 covers some element t1. Apply the lemma with z= e3. So t1 is covered only by e3, and e3 covers no elements aside from b2, c2, and t1.

16Repeating the slant edge reasoning for ni with i ‡ 2 leads to the existence of t2, �, tf asshown. Upward diamond propagation implies that ti can be covered only by ti—1. By F4,none of b2, �, bg or e3 or c2, �, ch can be covered by other elements. The diamond topsa2, �, ag—1 and d2, �, dh—1 cannot cover elements other than the two elements shown. If agcovers another x aside from bg, then x could be covered only by ag, or else upwardpropagation of diamonds would change T. But then x ˛ T, contradicting our assumed T. n7. The List of Possible Irreducible ComponentsRecall that an irreducible component is a slant irreducible d-complete poset whichcontains two or more elements. In Sections 9 - 13, we will define 15 disjoint classes ofirreducible components C1, � C15 which will be seen to exhaust the set of all irreduciblecomponents. Here we present the resulting list, which is indexed by Table 1.For each triple of values f ‡ 0, g ‡ 1, and h ‡ g allowed by the Nth line of Table 1,define the maximal poset MN = MN(f;g,h) to be the poset defined by the order diagram of Figure5.N. (One is to take f, g, and h large solid dots respectively to the left, below, and right ofthe junction large solid dot.) Also define the minimal poset LN = LN(f;g,h) to be the filter ofMN consisting of all large solid dots, circled dots, solid dots, solid squares, and boxed squares.(In other words, all elements of MN other than hollow dots and hollow triangles.) We willprove that the Nth class of posets CN consists of all posets which are filters of MN(f;g,h)containing LN(f;g,h), as f, g, and h run over all values allowed by the table. These posetswill all be distinct, and so each irreducible component will occur exactly once in our listing.Define the top tree poset TN = TN(f;g,h) to be the filter of MN(f;g,h) consisting of alllarge solid dots. Also define the top filter poset UN = UN(f;g,h) to be the filter of MN(f;g,h)consisting of all large solid dots, circled dots, and boxed squares. For each N, it is obviousthat TN(f;g,h) is the top tree of MN(f;g,h) and that TN(f;g,h) = Y(f;g,h). It is also obvious thatUN(f;g,h) is the top filter of MN(f;g,h), i.e. that UN(f;g,h) = U(f;g,h), as defined in Section 6.The elements of LN beyond UN consist of the solid dots and the solid squares. The optionalposet ON = ON(f;g,h) is the ideal of MN consisting of all hollow dots and hollow triangles, i.e.

17the complement of LN in MN . The optional posets l and m listed in Table 1 are usuallyfilters of ON. For C2, C8, and C11, the posets m and l are required to contain from one tofour elements of LN as well for notational convenience. Such elements are depicted with boxedor solid squares.In 14 out of the 15 classes, the top tree Y(f;g,h) of the irreducible components is suchthat min[f,g,h] £ 1. When viewed as a Dynkin diagram for a simply laced Kac-Moody algebra,most or all such trees are of type A, D, or E, depending upon how "type E" is defined. Therank of the algebra is n := f + g + h + 1. So we will write Xn(f;g,h) instead of Y(f;g,h)when min[f,g,h] £ 1, where X ˛ {A,D,E}. In particular, take X = A when f = 0 and takeX = D when two of {f,g,h} are both equal to 1. Historically it has perhaps been required that{f,g,h} ˚ {1,2} and min[{f,g,h}—{1,2}] ‡ 2 in order to take X = E. But we will moregenerally require only 1 ˛ {f,g,h} and min[{f,g,h}—{1}] ‡ 2 in order to regard Y(f;g,h) as aDynkin diagram of general type E. For the fifteenth class C3, the only restrictions are f ‡ 1and h ‡ g ‡ 2. There we use the letter Y rather than A, D, or E when f ‡ 2. So each of thetop trees appearing in Figure 5 can be denoted Xn(f;g,h), where X ˛ {A,D,E,Y} and n ‡ 3.Building upon this Dynkin diagram notation, we now introduce a name for each possibleirreducible component P. If P has top tree Xn[f;g,h], then it is assigned a name roughly ofthe form xn[f;g,h;N;l,m]. (The lower case "x" instead of the upper case "X" continues theconvention of [Pr2] and [Pr3] of using the lower case letter for the poset of join irreducibles Pand the upper case letter for the distributive lattice J(P). This lattice J(P) is a Bruhat order, andin future papers we will denote the Bruhat order corresponding to the irreducible componentxn[f;g,h;N;l,m] =: P by Xn[f;g,h;N;l,m] = J(P).) If it is not determined by x, f, g, and h,then the number N of the class of which P is a member is displayed. Finally, the parametersl and m denote filters of ON (plus possibly a few elements of LN) which determine theparticular irreducible component P.Table 1 specifies which of the two minimal elements of TN are acyclic: Here thepresence of "L" means that the element ag of Figure 4 is acylic, and "R" indicates that theelement dh of that figure is acyclic. For C2 (respectively C8 and C9), the element ag

18(respectively dh) is not acyclic when the element of ON depicted with the hollow triangle ispresent.Combining the knowledge of the irreducible components and their acyclic elements withthe procedure given at the end of Section 4 enables one to generate all connected d-completeposets with a given top tree.Theorem. If P is an irreducible component, then it is described in exactly one of the lemmasbelow, for some 1 £ N £ 15.The proof of the theorem is provided by the narrative of Sections 9 - 13: As we proceed,we explain how the wordings of the definitions of the classes together with various localstructural conditions imply that no irreducible components are being missed. The conditions onf, g, and h which appear in Table 1 are incorporated into the definitions of the classes CN as weproceed.Lemma 7.N, 1 £ N £ 15. Let f, g, and h be fixed parameter values allowed by the Nthrow of Table 1. Then the poset MN(f;g,h) is an irreducible component. There exist noextensions of MN(f;g,h) to a larger irreducible component. A poset P is in the class ofirreducible components CN and has top tree Y(f;g,h) if and only if P contains LN(f;g,h) andis a filter of MN(f;g,h). All such filters of MN(f;g,h) are distinct. Specification of posets land/or m from the possibilities listed in Table 1 corresponds to choosing one member of CN.The acyclic elements for each P ˛ Cn are listed in Table 1.The least routine aspects of each of these 15 lemmas will be confirmed in Sections 9 - 13following the definition of the corresponding class of irreducible components. Our extensionarguments will imply that each MN is a slant irreducible d-complete poset. For each class wewill leave several routine verifications to the reader. The non-existence of slant irreducibleextensions of MN will follow from Lemma 8.A. If P is a filter of MN(f;g,h), then it is d-complete. If it contains LN(f;g,h) as well, then it can be seen that it is slant irreducible and hastop tree Y(f;g,h). Verifying that any filter P of MN which contains LN satisfies the other

19particular defining conditions of CN for each N will be left to the reader.The key step is the converse: Suppose that P is in the class CN of irreduciblecomponents and has top tree Y(f;g,h). We will argue that P must then be a filter of MN. (Itwill be obvious that if P ˛ CN, then P ˚ LN.) The precise specification of members of CNwith l and/or m will be performed as we proceed. A consequence of this specification will bethe fact that the members of each class for fixed values of f, g, and h are distinct. Theconvention g £ h guarantees that members of the same class for different parameter values willnever coincide. The reader may confirm the list of acyclic elements for each case usingProposition 6.B.8. Extending d-Complete PosetsLet P0 be a fixed irreducible component. It will begin with a top tree Y(f;g,h) and atop filter U(f;g,h) for some values of f ‡ 0, g ‡ 1, and h ‡ g. If we fix these values for f,g, and h and exhaustively list all possible irreducible components P which begin with U(f;g,h),our fixed P0 will eventually appear in the list of possible P’s which we generate. In thissection we establish the mechanics which will be used for this process in Sections 9 - 13.Let F be a d-complete poset. A d-complete poset P is an extension of F if F is afilter of P. An element x ˇ F is a 1-extension with respect to F if F¨{x} is d-complete. Adangle extension x of F is a 1-extension of F such that w is covered by one element in F.A wedge extension of F is a 1-extension of F such that w is covered by two elements in F.Since elements of d-complete posets are never covered by three or more elements, every 1-extension of F is either a dangle extension or a wedge extension. The following lemma followsimmediately from the definition of d-complete poset.Lemma A. Let F be a d-complete poset with top tree T. (1) Suppose that x ˇ F iscovered by only y ˛ F, and y ˇ T. Then x is a dangle extension for F if and only if it is thebottom element of some dk-interval [x,z] for some z ˛ F and some k ‡ 4 such that z coversno element in F other than one element of [x,z], the element y is not in the neck of a dk-

20interval, and any element in F covered by y must be covered by at least one other elementbesides y. (2) Suppose that w ˇ F is covered by x,y ˛ F. Then w is a wedge extensionfor F if and only if there exists some z ˛ F which covers only x and y, there is no element inF which is covered by both x and y, and neither x nor y is in the neck of a dk-interval forany k ‡ 3.We will start with F0 = U(f;g,h) and repeatedly do the following procedure: For each i ‡ 1 list all possible ways of extending each Fi—1 found at the previous stage by one elementmeeting the requirements of the lemma. In order to focus on one set of values for f, g, and h ata time, we will not consider 1-extensions of Fi—1 which extend its top tree. (These would bedangles beneath ag or dh.) So each Fi produced will be an irreducible component with topfilter U(f;g,h).Let P0 be a fixed irreducible component with top filter U(f;g,h). Set F0 := U(f;g,h)and Ft := P0, where t := |P0—U(f;g,h)|. Let F0 � F1 � � � Ft be any sequence of filtersstarting with U(f;g,h) and increasing to P0 one element at a time. Since all of these posets areconnected, by F4 we see that each xi := Fi — Fi—1 for 1 £ i £ t is either a dangle or a wedgeextension with respect to Fi—1. So repeated adjunctions of dangle and wedge extensionsbeginning with U(f;g,h) are guaranteed to eventually produce P0.Suppose that a dangle (respectively wedge) extension is adjoined at some stage. Then inthat extension and in all later extensions, that element will be covered by exactly one(respectively two) elements.One quickly tires of considering all possible orders in which 1-extensions may beadjoined. Let x and y be two 1-extensions with respect to a d-complete poset F. Although itwill be relatively rare, it is possible for y to fail to be a 1-extension with respect to F¨{x}.And then x will fail to be a 1-extension with respect to F¨{y}. It can be seen that this situationwill arise only when there is some element z ˛ F which covers a 1-extension x ˇ F and z issuch that [y,z] is a dk-interval in F¨{y} for some y ˇ F and some k ‡ 3. If this cautionarynote is ignored, then any violation of a d-complete requirement created by adjoining both

21elements will remain a violation if further elements are adjoined. Hence any such error wouldeventually be detected by noting that one of our "maximal irreducible components" MN definedin Section 7 is not d-complete. So we can be casual concerning the order in which 1-extensionsare adjoined. Also: If x ˇ F is not a 1-extension of F, then it will never be a 1-extensionwith respect to any extensions of F. So once we rule out a conceivable 1-extension, we do notneed to keep checking on it as a possibility.Let F be a d-complete poset. The following local situation depicted in Figure 6 willoften arise in Sections 9 - 13 when we are seeking all possible extensions of F: Suppose thatfor some s ‡ 1 and some t ‡ 1 we have elements as fi � fi a1 fi z and bt fi � fi b1 fi zsuch that ai covers only ai+1 for 1 £ i < s and such that bj covers only bj+1 for 1 £ j < t.Also suppose that z covers only a1 and b1 and that as and bt are minimal in F. Finally,assume that no ai, 1 £ i £ s, and no bj, 1 £ j £ t, is a neck element in any dk-interval, for anyk ‡ 3.Let FM be the poset formed by successively adjoining st wedges in a grid pattern in theregion between the chains as fi � fi a1 and bt fi � fi b1 below F. It is clear that FM willbe d-complete, as will any filter P of FM which contains F. (Such posets P are obtained bysuccessively adjoining some shape l ˛ L(s,t) of wedges below F.)What about other 1-extensions to F or a successor poset which are below z? First,some terminology. A dangle extension of F beneath an ai, a bj, or z will be called a firstgeneration dangle. Any wedge extension of F or of a later F« which is beneath an ai and/or abj and which has both parents below z will be called a first generation wedge. Later wedgesboth of whose parents are beneath z will be called higher generation wedges. Wedges whichhave one parent which is below z and one parent which is not below z will be called outerwedges. Any dangle extension of a later F« which is beneath a first generation wedge will becalled a second generation dangle. In any poset P, an element x is an only child if it is coveredby some element of P which covers only x.Here is the procedure we will follow when listing all possible extensions of F below z.

22First note all first generation dangles. If one of these is used, then exit this procedure andconsider that situation separately. Similarly, note all outer wedges and consider implementingthem at another time. By D1 and D3 it can be seen that the only possible first or highergeneration wedges must be the obvious grid filling wedges noted above. After choosing somefirst generation wedges, look for possible second generation dangles using the following result:Lemma B. Let u be a first generation wedge extension. It can have one second generationdangle q beneath it if and only if the diamond top v corresponding to the diamond bottom u isan only child with respect to an element other than an ai or a bj. There are no dangleextensions beneath higher generation wedges.Proof. Let y be such that y covers only v. Then [q,y] will be a d4-interval, and adjoiningone dangle q beneath u creates no d-complete violations. If no such y exists, then [q,v]will be an incomplete d—4-interval. Let u be a higher generation wedge extension and let v bethe corresponding diamond top. Then v is an earlier wedge extension which we adjoined, andnone of these which became diamond tops by some later obvious wedge extensions are onlychildren. So as above, the element u can have no dangles beneath it. nOuter wedge possibilities will rarely arise. By D1, the two parents must already becovered by a mutual element. This situation will arise only when the parent below z is one ofthe ai or bj and the grandparent is not below z.Whenever the situation of Figure 6 arises in Sections 9 - 13, we will assume that thereader will assist us in performing the procedure described above: Note all first generationdangles and outer wedges for future consideration. Add some first generation wedges. UsingLemma B, note all second generation dangles for future consideration. Add some highergeneration wedges to complete an adjoined shape l ˛ L(s,t) of wedges between the two chains.Lemma B excuses us from checking for later dangles. Altogether, this routine will be referredto as the "Grid Filling Procedure," or "GFP."From Sections 5 and 6, recall that any irreducible component P has a top tree Y(f;g,h)for some f ‡ 0 and h ‡ g ‡ 0 and contains the top filter U(f;g,h). The classes C1, C2, and

23C3 are defined to consist of all irreducible components having certain values for f, g, and h. Todescribe these classes we need to generate all extensions of U(f;g,h). If N ‡ 4, the class CN isdefined to consist of all irreducible components which contain a specified poset V* as a filter,which have the same top tree as V*, and which satisfy certain other conditions. Then we needto generate all extensions of V* which satisfy the specified conditions. By Proposition 6.C, atthe beginning of the extension process we only need to consider extensions beneath the elementsb2, �, bg, c2, �, ch, and t1, �, tf.9. Classes 1 - 3: Shapes, Shifted Shapes, and BirdsIn this section we define the three simplest classes of irreducible components and confirmthe corresponding Lemma 7.N’s. If the top tree of an irreducible component P is T, let f, g,and h be such that T = Y(f;g,h). Recall that f ‡ 0, g ‡ 1, and h ‡ g in general. To bethorough, in the definition of each class we will restate all known constraints on f, g, and h.Either f = 0 or f > 0. Let C1 consist of all irreducible components for which f = 0, g ‡ 1, h ‡ g.To prove Lemma 7.1, note that the top filter U(0;g,h) for any P ˛ C1 is as shown inFigure 7. By Proposition 6.C, all extensions will be beneath e3. Following GFP, it can beseen that the only possible extensions P of U(0;g,h) are the filters of M1 which contain L1 =U(0;g,h). Each such filter is determined by its intersection with O1; such intersections areelements l of L(g—1,h—1). (Note that each poset an[0;g,h;l] ˛ C1 is a shape whose first twocolumns are of length g+1 and whose first two rows are of length h+1.)Now assume that f = 1. Either g = 1 or g ‡ 2. Let C2 consist of all irreduciblecomponents for which f = 1, g = 1, h ‡ 1.To prove Lemma 7.2, note that the top filter U(1;1,h) for any P ˛ C2 is as shown inFigure 8. By Proposition 6.C, all extensions will be beneath e3. Following GFP, the onlynear term wedge extensions are first generation wedge extensions; adjoin up to h—1 of these,starting from the left. Note that e3 is an only child of e1. If at least one first generation wedge

24was chosen, then there is a second generation dangle beneath the first one. If we do not use thisdangle, we are done. If we use it, then the situation is now equivalent to the one with whichwe started, provided that h ‡ 3. Repeat this reasoning. Eventually there will not be anotherelement such that a wedge can be adjoined beneath it and the most recent dangle. Hence we seethat the only possible extensions P of U(1;1,h) are the filters of M2 which contain L2. Eachsuch filter is determined by its intersection with O2; such intersections are elements m ofS(h,h), once the element t1 has been adjoined. (Note that each poset dn[1;1,h;m] ˛ C2 is ashifted shape with at least three rows and whose first two rows have lengths h+2 and h+1.)Next suppose that g ‡ 2. We still have f ‡ 1 and h ‡ g. The next class will handle theremaining f = 1 cases and the simplest cases for f > 1. Let C3 consist of all irreduciblecomponents for which f ‡ 1, g ‡ 2, h ‡ g.To prove Lemma 7.3, note that the top filter U(f;g,h) for any P ˛ C3 is depicted inFigure 4. None of bg, �, b2, ch, �, c2 have dangles beneath them. Since f ‡ 1, theelement t1 exists. None of tf, �, t1 have dangles or wedge extensions beneath them. Awedge extension beneath any two of b2, c2, and t1 is ruled out by D2, and so no wedgeextensions exist. So there are no extensions of U(f;g,h), and every P in C3 is of the formM3 = L3. (Lemma 7.3 can be paraphrased as: If all three parameters f, g, and h are "non-minimal," then any irreducible component P must be "minimal," i.e. it consists only of L3 =U(f;g,h).)10. Classes 4 - 6: Inset-Type ClassesWe now define and describe the simplest three classes of irreducible components Pamongst the remaining cases of f ‡ 2 and g = 1. For fixed f ‡ 2 and h ‡ 1, let V4 :=U(f;1,h). The only 1-extension with respect to V4 is the wedge p beneath t1 and c2, asshown in Figure 9. Once p is adjoined, we next consider several possible ways to adjoin afew more elements one or two steps below p. Consult Figures 10 and 11. The most notableaspect of such extensions is whether there exists some element q which is covered only by p.

25Lemma. Let f ‡ 2, g = 1, and h ‡ 2. Let V := V4¨{p}. There exist at most three 1-extensions of V: a wedge r beneath t2 and p, a dangle q beneath p, and, if h ‡ 3, awedge s beneath p and c3. It is possible to extend V by any of the 23 combinations ofthese three. Next consider extensions of V5 := V4¨{p,q}. There is never a dangle beneath q.If s is adjoined beneath p and c3, there is one wedge v beneath q (with s). If r is adjoinedbeneath t2 and p, there is one wedge u beneath q (with r). If both r and s are adjoined,then q can cover no other elements.Proof. For the last statement, note that dangles beneath q have already been ruled out, andthen apply Lemma 6. nFurther consider the two cases of adjoining both q and s or both q and r afteradjoining p. In the former (latter) case, one may then choose to adjoin v (respectively u) ornot. The subcase in which v is adjoined is depicted in Figure 10 and is the starting point for C6.The subcase in which u is adjoined is depicted in Figure 11 and leads to C7 - C15. Consideringthese two subcases for each of these two of the original 23 cases yields six cases and foursubcases for the local structure immediately below p.The four cases in which no dangle is adjoined beneath p will form the fourth class: LetC4 consist of all irreducible components for which f ‡ 2, g =1, h ‡ 1, and which are exten-sions of V4 in which there do not exist elements p and q such that q is covered only by p.Note that the existence of any of d2, c2, or p is not being assumed, and so the onlycondition on h is h ‡ 1. If h ‡ 2 but p does not exist, then the irreducible component is inC4. This is also the case when h = 1 and c2 and d2 do not exist. Then it can be seen that theonly irreducible component is U(f;1,1) @ df+3(1). So the posets dk(1) are in C4 when k ‡ 5.(The posets d3(1) and d4(1) are the smallest members of Classes 1 and 2 respectively.)To prove Lemma 7.4 when h ‡ 2, consult Figure 9: now d2 and c2 must exist. Theconsideration of the only second generation dangle, q beneath p, has been deferred to laterclasses. Following GFP, it can be seen that the only possible extensions P of U(f;1,h) hereare the filters of M4 which contain L4. Each such filter is determined by its intersection with

26O4; such intersections are elements l of L(g—1,h—1).In the remaining cases, both p and a dangle q beneath p exist. So necessarily h ‡ 2.Now either q does not cover any other elements, or it does. The two subcases and the twocases in which q covers no other elements will form the fifth class: Let C5 consist of allirreducible components for which f ‡ 2, g =1, h ‡ 2 and which are extensions of V5 in whichq is minimal.To prove Lemma 7.5, adjoin q beneath p in Figure 9 at a 45ß angle. There can be noother dangles beneath p, and there are no elements beneath q. We are left with two simple gridfilling situations, which yield filters of M5 containing L5.In the remaining cases, q covers at least one other element. The lemma described theonly two scenarios in which q covers another element; for the next class we take the first sub-case mentioned there. For fixed f, g, and h, define the poset V6 := V4¨{p,q,s,v}. It is de-picted in Figure 10. Since s is assumed to exist, we will necessarily have h ‡ 3. Let C6 con-sist of all irreducible components for which f ‡ 2, g =1, h ‡ 3, and which are extensions of V6.To prove Lemma 7.6, first note that there are no dangle extensions beneath V6.Initially, the only wedge extension is beneath s and c4. Follow GFP to produce all filters ofM6 containing L6.11. Class 7: NooksAll of the remaining cases for f ‡ 2 and g = 1 begin with the second subcase describedin Lemma 10. So from now on we will only consider extensions of the poset V7 := V4¨{p,q,r,u} depicted in Figure 11. Our next juncture is h ‡ 3 or h = 2. Let C7 consist of allirreducible components for which f ‡ 2, g =1, h ‡ 3, and which are extensions of V7.To prove Lemma 7.7, note that the existence of c3 rules out putting a dangle beneath u.In fact there are no dangles anywhere beneath V7, and initially the only wedge extension isbeneath t3 and r. Follow GFP to produce all filters of M7 containing L7.

2712. Classes 8 - 11: Swivel-Type ClassesWe are left with extensions of V7 which have h = 2. To conserve letters, renamee4 := d2, e5 := c2, e6 := p, and e7 := q. Note that there is a dangle extension beneath u; call its. And if s is adjoined, then there is a dangle extension beneath it; call it v. Consult Figure12. Let C8 consist of all irreducible components for which f ‡ 2, g =1, h = 2, and which areextensions of V7 which use no dangle extensions except possibly for s and v.To prove Lemma 7.8, note that there are initially no wedges other than the one beneath t3and r. Follow GFP. For notational convenience, include the elements r and u with theoptional elements from M8 — L8 when defining l.We are left with extensions of V7 with h = 2 and in which at least one dangle extensionaside from s and v is used. First suppose that s does not exist. Then it can be seen that noextensions of V7 have dangle extensions. So from now on, the element s must be present.There are no dangles for V7¨{s} aside from v. The only extension is a wedge beneath t3 andr; call it b2. (Consult Figure 13.) We must adjoin it. Let b3 denote the wedge beneath b2and u. If we do not adjoin b3, it can be seen that no dangles will ever arise. So we mustadjoin b3 as well. Similar reasoning forces us to adjoin a wedge b4 beneath b3 and s. Nowthere exists a dangle beneath b4; call it p. It can be seen that if we never adjoin p, then therewill be no future dangles aside from v, whether we adjoin v or not. (If p is not adjoined, allpossibilities have already appeared in C8.)All of the remaining cases must have the dangle p adjoined in addition to b2, b3, and b4.So from now on we consider only extensions of the poset V9 := V7¨{s,b2,b3,b4,p}, which isdepicted in Figure 13. The existence of s implies that h = 2; the existence of b2 implies thatf ‡ 3. Either p does not cover any other elements, or it does. Let C9 consist of all irreduciblecomponents for which f ‡ 3, g =1, h = 2, and which are extensions of V9 in which p isminimal.To prove Lemma 7.9, note that the only dangle extension is v. The only possibleextension activity arises as grid filling between the ti and bj chains, and, if v is adjoined, as

28grid filling between b4 and v. Here the shape m is defined to contain v if it is adjoined.We are left with extensions of V9 in which p covers at least one other element. Let qdenote an element covered by p. To avoid creating an incomplete d5—-interval, the element qmust be covered by some other element, say w. Then w and p must be covered by oneelement, say x. But since p is a dangle, we must have x = b4. Repeating this reasoningrules out having a second element covered by p. To avoid violating D6, the element w mustbe covered by something besides b4, say y. Then b4 and y would both have to be coveredby one element, say z. Since b4 is already covered by two elements, by F4 we must havez = b3 or z = s.Let P be a connected d-complete poset with unique maximal element z0. Let x ˛ P besuch that the length of any chain (by F3) in P from z0 to x is n. Then the depth d(x) of xin P is defined to be —n.First suppose that z = b3, as shown in Figure 14. If y is not covered by anotherelement besides b3 which is less than r, then [y,r] would be an incomplete d4—-interval. Sosome m „ b3 must cover y. Note that d(m) = d(p)+2 = d(b3) = d(s). Clearly m „ s. Theonly extension of V9 or a successor of depth d(b3) is the element c2 shown in Figure 15. Som = c2. Rename c3 := y and c4 := w. Summarizing, the assumption that z = b3 forces theexistence of the new elements c4, c3, and c2 in V11 := V9¨{c2,c3,c4,q}. (These elements donot coincide with any pre-existing elements, and there can be no edges emanating upward fromthese elements besides the edges shown.) Now either the dangle v exists, or it does not.Assume that it does, and set V10 := V11¨{v}. This poset is shown in Figure 15. In order forc2 to exist, we must have f ‡ 4. Let C10 consist of all irreducible components for whichf ‡ 4, g =1, h = 2, and which are extensions of V10.To prove Lemma 7.10, note that there are no extensions of V10 or its successors notbetween the two chains with f—4 and 4 elements respectively. Apply the GFP.Continue to assume that z = b3, but now suppose that v does not exist. Erase v inFigure 15 to depict V11. Let C11 consist of of all irreducible components for which f ‡ 4,

29g =1, h = 2, and which are extensions of V11 in which s covers no dangle.To prove Lemma 7.11, note that there can be a dangle, call it c6, beneath c5 := q.This is the only possible extension of V11 outside of the obvious grid region (and aside from adangle beneath s, which is treated in C10). If c6 is not adjoined, then only obvious gridfilling wedges can be adjoined. If c6 is adjoined, then a slightly wider grid region becomesavailable. Adjoining first generation wedges d1, �, d6 beneath c2, �, c6 then creates thepossibility of a dangle, call it d7, beneath d6. It can be seen that this process can continue aslong as there are remaining ti’s, and that there are no other possibilities. For notationalconvenience, require that the elements c2, c3, c4, c5 be included with the optional elements ofM11 to produce a filter of S(f—3,f+1)M*.13. Classes 12 - 15: Pump- and Bat-Type ClassesWe are left with the cases in which z = s. After renaming a4 := s, Figure 16 shows theposet determined by the z = s assumption. (Also, the renamings a2 := r and a3 := u havebeen implemented.) Here b5 := w and a5 := y are the new elements which arose leading up tothe z = s option. (These elements could not have coincided with any pre-existing elements,and there cannot be any additional edges emanating up from either of them.) It can be seen thatthis poset is a legitimate extension of V9. So we are left to consider extensions of the poset V12:= V9¨{a5,b5,q} depicted in Figure 16. All remaining irreducible components must beextensions of V12. Necessarily f ‡ 3.It can be seen that the only possible 1-extensions of V12 and its successors are wedgeextensions between the chains t3 ‹ � ‹ tf and t3 ‹ b2 ‹ b3 and (possibly iterated) dangleextensions beneath q. Notice that some of these extensions may conflict with each other. Bynow, the proofs of the Lemmas 7.N have become routine, and there are no wrinkles in theproofs for the last four classes. So no comments will be made for the proofs of Lemmas 7.12 -7.15.Either q does not cover any other elements, or it does. Let C12 consist of allirreducible components for which f ‡ 3, g =1, h = 2, and which are extensions of V12 in

30which q is minimal.Now suppose that q covers some other element, say r. It can be seen that r must be adangle. Either r does not cover any other elements, or it does. Set V13 := V12¨{r}. LetC13 consist of all irreducible components for which f ‡ 3, g =1, h = 2, and which areextensions of V13 in which r is minimal.Now suppose that r covers some other element, say s. It can be seen that s must be adangle. Either s does not cover any other elements, or it does. Set V14 := V13¨{s}. LetC14 consist of all irreducible components for which f ‡ 3, g =1, h = 2, and which areextensions of V14 in which s is minimal.Now suppose that s covers some other element, say u. It can be seen that u must bea dangle and that t4 cannot exist. Hence f = 3. Set V15 := V14¨{u}. Let C15 consist of allirreducible components for which f = 3, g =1, h = 2, and which are extensions of V15.Actually, the irreducible component V15 cannot be extended, and so it is the onlymember of C15. We have argued between the definitions of the classes that those definitionshave exhausted all possibilities for irreducible components. Hence the proof of Theorem 7 iscomplete, if it is accepted that the Figures 5.N describe all of the possibilities within each class.14. The Self-Dual d-Complete Posets are the Minuscule PosetsA poset P is self-dual if it is isomorphic to its order dual P*. In this section we use theclassification theorem to identify the self-dual d-complete posets. We can immediately reduce tothe connected case. The global tree structure of a self-dual slant sum must be that of a chain. Aconnected d-complete poset has a unique maximal element. Notice that an acyclic element of anirreducible component cannot be a minimal element of that component. So if an irreduciblecomponent appears as the "upper" poset in a slant sum, the order dual of that slant sum will havemore than one maximal element. Hence only the trivial slant irreducible d-complete poset, viz.the one element poset, could appear as the upper poset in a self-dual slant sum. To be self-dual,the bottommost poset must also be the one element poset. So chains are the only self-dual slant

31reducible connected d-complete posets. Obviously the one element d-complete poset is self-dual.We are left to consider irreducible components which are self-dual by themselves. Sucha poset must have a unique minimal element. Searching all filters of the 15 maximal irreduciblecomponents first for the property of having a unique minimal element and then for the property ofbeing self-dual yields one poset for each set of (f;g,h)-values in classes C1, C2, and C15. Also,one poset is produced for each f ‡ 2 when h = 1 in C4, and one poset arises in C8 when f = 2. In [Pr2] it was observed that the weight diagrams of irreducible minusculerepresentations of simple Lie algebras are always distributive lattices. There an irreducibleminuscule poset was defined to be a poset which arises as the poset of join irreducibles for such adistributive lattice. If an irreducible minuscule representation of the simple Lie algebra of typeXn had highest weight wj, then the corresponding minuscule poset was denoted xn(j). Somedistinct minuscule representations give rise to identical minuscule posets. All irreducibleminuscule posets were depicted in Figure 2 of [Pr3].Comparison of the conclusions of the first two paragraphs of this section with Figure 2 of[Pr3] produces the following theorem:Theorem. Let P be a connected d-complete poset which is self-dual. Then P is one of theirreducible minuscule posets an(j), n ‡ 1 and 1 £ j £ [n/2], dn(n), n ‡ 4, dn(1), n ‡ 5, e6(6),and e7(7). Every irreducible minuscule poset appears once in this list.When n = 1, the poset an(1) is the one element poset. When j = 1 or j = n, the posetan(j) is the n-element chain. The remaining cases are irreducible components. When 2 £ j £[n/2], the poset an(j) is denoted an[j—1,n—j;(j—2)·(n—j—1)] in this paper, where (j—2)·(n—j—1)denotes the shape with j—2 rows of length n—j—1. When n ‡ 4, the poset dn(n) is denoteddn[1;1,n—3;J(2·(n—4))] here, where J(2·(n—4)) denotes the shifted shape with row lengthsn—3, n—4, �, 2, 1. When n ‡ 5, the poset dn(1) is denoted dn[n—3;1,1] here. The posetse6(6) and e7(7) are denoted by e6[2;1,2;8;(4)] and e7[3;1,2;15] in this paper, where (4) isthe shape consisting of one row of length 4. Order diagrams for these five families of posets

32appeared in Figure 2 of [Pr3]. In that paper, it was shown that the irreducible minuscule posetsare the only connected posets whose elements can be labelled with numbers such that a certainsystem of linear equations determined by the structure of the poset (which implied the existenceof a nice sl2(�C) representation) is satisfied.15. Weyl Group CommentsThe results of [Pr1] can be combined with the results of this paper to obtain a listing of allof the l-minuscule elements in any simply laced general Weyl group W. Let G be the simplegraph with node set N which specifies W. Fix a dominant integral weight l. The definitionof the "l-minuscule" property for elements w ˛ W was given in Section 1.Using [Pr1], every concept developed in this paper for d-complete posets can betranslated into an analogous concept for l-minuscule Weyl group elements. This includes’connected poset,’ ’slant sum,’ and ’irreducible component.’ So this paper can be viewed as aclassification of a certain kind of Weyl group element. Here is an overview: Any reduceddecomposition of a l-minuscule element of W corresponds to an increasing sequence F1 ˝F2 ˝ � ˝ Fk of colored d-complete posets such that Fj — Fj—1 consists of one element of colorij ˛ N. Ignoring the colors, we obtain a d-complete poset Fk corresponding to w. The"support" of any l-minuscule w in N consists of a union of tree subgraphs of G. Supposethat G is connected. To generate all connected l-minuscule elements of W which use eachgenerator si at least once, one would successively consider all "rooted spanning trees" of G.When translated to the (order dualized) context of [Pr1], the list of possible d-complete posetsfor each such tree provided by the present paper would, when colored, become the list of the l-minuscule elements w whose bottom trees are the fixed rooted spanning tree. All of thereduced decompositions for each such w could then be formed by finding all of the orderextensions of the corresponding colored d-complete poset.In this way it can be seen that there is no infinite sequence i1, i2, � from N such thatsik�si2si1 is l-minuscule for every k ‡ 1. (But there are such sequences, e.g. from Figure 8of [Ste] (also see Section 2 of [Pr1]), if we had not required l to be "dominant" in the

33definition of l-minuscule.) Theorem 7 implies that every l-minuscule slant irreduciblecomponent w arises as an initial subword of one of the (finite) maximal irreducible componentswN, 1 £ N £ 15, which can be based upon a fixed top tree.All of the preceding can be recast in the context of a restricted version [Pr1] of thenumbers game of Mozes [Moz] rather than in the context of l-minuscule elements. Thisrestricted game is played on the possible labellings of the nodes of a simple graph with integers.The possible moves at any stage correspond to nodes which have —1 labels. In this context,the present paper classifies the possible evolutions of all such games which begin with all labelsnon-positive. We do not know of any overlap between our "non-existence of l-minusculeelements of arbitrary length for a fixed G" result just stated and the various terminating numbersgames results of [AKP] [Bj�] [Eri] [Moz].Suppose that we start with a given uncolored d-complete poset P with top tree T. LetN consist of the nodes of T, and let G be any simple graph which contains T as a subgraph.Each element of P can be uniquely "colored" with one of the colors from N, as described inProposition 8.6 of [Pr1]. Then the sequence of colors produced by reading off the colors ofsome or all of the elements of P from the top down will specify a l-minuscule element w =sik�si2si1 in the simply laced general Weyl group whose Dynkin diagram is G.Let’s continue the discussion of [Ste] from Section 1. To see that a l-minuscule elementw is fully commutative, use Theorem A of [Pr1] and Theorem 2.2 of [Ste]. The d-completeposet Fk we associated to w ˛ W four paragraphs above is the "heap" of a fully commutativeelement w, by Lemma 2.1 of [Ste]. Our environment is more specialized than that of [Ste]:Stembridge does not restrict to the simply laced case, and even there he knows of many elementsw which are not l-minuscule but are such that [e,w] is a distributive lattice in the Bruhat order.So he has many heaps P for Coxeter group elements w such that J(P) @ [e,w] is a distributivelattice, in addition to the d-complete posets P. Is there some way of characterizing the l-minuscule elements amongst all fully commutative elements using only Coxeter theoretic notions?

34References[AKP]N. Alon, I. Krasikov, Y. Peres, Reflection sequences, American Math. Monthly96 (1989), 820 - 822.[Bj�]A. Bj�rner, On a combinatorial game of S. Mozes, preprint, 1988.[Eri]K. Eriksson, Strongly convergent games and Coxeter groups, Ph.D. Thesis, KunglTekniska H�gskolan, 1993.[Gan]E. Gansner, Matrix correspondences and the enumeration of plane partitions, Ph.D.Thesis, M.I.T., 1978.[Lak]V. Lakshmibai, Bases for Demazure modules for symmetrizable Kac-Moodyalgebras, in Linear Algebraic Groups and Their Representations, 59 - 78,Contemporary Math. 153, AMS, Providence, 1993.[Moz]S. Mozes, Reflection processes on graphs and Weyl groups, J. CombinatorialTheory 53 (1990), 128 - 142.[Pr1]R. Proctor, Minuscule elements of Weyl groups, the numbers game, and d-complete posets, J. of Algebra, to appear.[Pr2]R. Proctor, Bruhat lattices, plane partition generating functions, and minusculerepresentations, European J. of Combinatorics 5 (1984), 331-350.[Pr3]R. Proctor, A Dynkin diagram classification theorem arising from a combinatorialproblem, Advances in Math. 62 (1986), 103-117.[Pr4]R. Proctor, Poset partitions and minuscule representations: External construction ofLie representations, Part I, preliminary manuscript.[Sag]B. Sagan, Enumeration of partitions with hooklengths, European J. Combinatorics3 (1982), 85-94.[St1]R. Stanley, Ordered structures and partitions, Memoirs of the AMS 119 (1972).[St2]R. Stanley, Enumerative Combinatorics, Vol. I, Wadsworth & Brooks/Cole,Monterey, 1986.[Ste]J. Stembridge, On the fully commutative elements of Coxeter groups, J. ofAlgebraic Combinatorics 5 (1996), 353 - 385.