Counting Assemblages,  Part I:  Explicitly Listing�Due .......................



	The purpose of this project (and its sequel) is to give students a little bit of the flavor of research in enumerative combinatorics.   Eventually we will derive formulas for most of the counting problems considered here.   But for now,  I want you to pretend that you are the first researchers encountering these problems.   Please obtain the requested counts by systematically listing the possible combinatorial objects in each case.

	Let  m ≥ 1.   Suppose that  m  items are scattered across the top of your desk.   When the items are said to be identical,  visualize  m  black marbles.   When the items are said to be distinguishable,  visualize  m  marbles of distinct colors  a, b, c, d, … .   I want you to form groupings of the marbles,  using all of them.   Each grouping will be called a batch.  Let  b ≥ 1.   (Please allow me to use the symbol 'b' both as a color and as this number!)   

How many ways are there to group all of the  m  marbles into  b  batches?

Each such configuration of batches of marbles will be called an assemblage.

	Sometimes you will be asked to line up the batches from left to right.   Then we say that we have a sequence of batches.   Other times we you will be asked to leave the batches scattered around the desktop.   Then we say we have a collection of batches.   Sometimes you will be asked to view the colored marbles in a batch as being held on a scrabble tray from left to right.   Then we refer to the batches as lists.   Other times you will be asked to view the colored marbles in a batch as being held in a bag.   Then we refer to the batches as sets.   If the marbles are all black,  we refer to the batches as bunches.   Sometimes we will allow each batch to be possibly empty.   Other times we will require each batch to contain at least one marble.   Then we will say that the batches are non-empty.   And other times we will not allow each batch to contain more than one marble.   Then we will say that the batches are bitsy (since then each batch will be itsy-bitsy,  containing only  0  or  1  marbles.)

	Given the considerations of the previous paragraph,  there are  2 ( 3 ( 3 = 18  kinds of assemblages that are being studied.   Please consult the attached table.   The inequalities for  m  and  b  in each box specify the  2 ( 2 = 4  values of  (m,b)  for which I want the assemblages counted by systematic listing.   For example,  the inequalities  5 ≤ m ≤ 6  and  3 ≤ b ≤ 4  for Case C1 indicate that the team which is assigned this case should list all of the possible assemblages of  5 or 6  black marbles into  3 or 4  bitsy batches,  thereby obtaining four lists and four counts.

�	With your teammates,  please develop a standard form to describe each possible assemblage in each situation.   Then develop a standard ordering for the standard forms.   Write down the list of all assemblages in each requested case,  and then count them.



From each team I want:

(1)   On one side of one sheet,  write down the three  2 ( 2  tables of counts your team obtained for its three cases.   The rows should list the two values of  m  and the columns should list the two values of  b.   Include your names and the date!   These sheets from the various teams will be photocopied and distributed to this class later in the semester.

(2)   On a separately stapled set of sheets,  the  3 ( 4 = 12  lists your team found should be presented.



It's up to each team to decide how to handle the following issues:  division of labor,  method of quality control,  and schedule of target dates for initial answers / checking / writing up.   The entire class will need to be able to refer to accurate answers from your team later in the semester!   Consult the table to see which  �2 ( 2  set of  (m,b)  values I want you to find the counts for in each of your assigned cases.



Teams:  Problems

Red Dot:   C3, D1, E2    

Blue Star:   A2, C1, E3    

Blue Dot:   A3, E1, F2    

Black Star:   B1, C2, D3    

Red Star:   A1, B2, F3    

Black Dot:   B3, D2, F1

�Eighteen Assemblage Counting Problems

	



	Number of					(1)	(2)	(3)

   				Types of	Kinds of

	ways to group					b  Bitsy	b	b  Non-Empty

	 			Items	Batches	

	m  Items?					Batches	Batches	Batches

										



						3  ≤  m  ≤  4	2  ≤  m  ≤  3	3  ≤  m  ≤  4		

		(A)		Disting'ble	Lists					

						3  ≤  b  ≤  4	2  ≤  b  ≤  3	1  ≤  b  ≤  2		

	Part I:									



	Sequences					2  ≤  m  ≤  3	2  ≤  m  ≤  3	3  ≤  m  ≤  4		

		(B)		Disting'ble	Sets					

	of					3  ≤  b  ≤  4	3  ≤  b  ≤  4	2  ≤  b  ≤  3		

										

	Batches

						3  ≤  m  ≤  4	2  ≤  m  ≤  3	6  ≤  m  ≤  7		

		(C)		Identical	Bunches					

						5  ≤  b  ≤  6	4  ≤  b  ≤  5	3  ≤  b  ≤  4		

										



						4  ≤  m  ≤  5	2  ≤  m  ≤  3	3  ≤  m  ≤  4		

		(D)		Disting'ble	Lists					

						4  ≤  b  ≤  5	2  ≤  b  ≤  3	1  ≤  b  ≤  2		

	Part II:									



	Collections					5  ≤  m  ≤  6	4  ≤  m  ≤  5	4  ≤  m  ≤  5		

		(E)		Disting'ble	Sets					

	of					5  ≤  b  ≤  6	2  ≤  b  ≤  3	2  ≤  b  ≤  3		

										

	Batches

						6  ≤  m  ≤  7	7  ≤  m  ≤  8	7  ≤  m  ≤  8		

		(F)		Identical	Bunches					

						6  ≤  b  ≤  7	5  ≤  b  ≤  6	3  ≤  b  ≤  4		

										

Counts for Eighteen Assemblage Counting Problems

	



	Number of					(1)	(2)	(3)

   				Types of	Kinds of

	ways to group					b  Bitsy	b	b  Non-Empty

	 			Items	Batches	

	m  Items?					Batches	Batches	Batches

										



						6     24	6     12	6     12		

		(A)		Disting'ble	Lists					

						0     24	24     60	24     72		

	Part I:									



	Sequences					6     12	9     16	6     6		

		(B)		Disting'ble	Sets					

	of					6     24	27     64	14     36		

										

	Batches

						10     20	10     15	10     10		

		(C)		Identical	Bunches					

						5     15	20     35	15     20		

										



						1     1	3    3	6     6		

		(D)		Disting'ble	Lists					

						0     1	12     13	24     36		

	Part II:									



	Collections					1     1	8     14	7     6		

		(E)		Disting'ble	Sets					

	of					0     1	16     41	15     25		

										

	Batches

						1     1	13     14	4     3		

		(F)		Identical	Bunches					

						0     1	18     20	5     5		

										

�Counting Assemblages,  Part II:  Finding Formulas�Due  .......................



	By now we have learned good formulas for counting the number of assemblages which can be formed in most of the  18  cases,  either in class or in homework problems.   We will soon learn one more counting technique.   At that point you should be able to write down some kind of expression for each of the  18  cases,  perhaps using sums of known formulas here or there.

	Each group should state an expression that can be used to count the number of assemblages that can be formed in each of the three cases assigned to that group.   Then proofs should be presented for each of the three expressions.

	On the other side of this sheet I list  10  of the  18  expressions in random order.   On some other sheets I am distributing the empirical counts found by the groups in Part I.   (The uncircled counts are correct.)   These counts might be used at an early stage to try out several candidates from the given expressions,  if you do not yet see how to translate the assemblage problem at hand into the form in which that counting situation was considered in class or in homework.   If you think you know which expression applies right away,  you could still use the counts to confirm your conjecture before you invest the time needed to write down the proof.   In any case,   you are asked to turn in evaluations of your claimed expressions for the same four cases for which the empirical counts were requested in Part I.



(A)   For each of your  3  cases,  state an expression in  m  and  b  which gives the desired count.



(B)   For each of your  3  cases,  give a proof for your expression.



(C)   For each of your  3  cases,  evaluate your expression for each of the �four  (m,b)  cases requested in Part I.



Teams:  Problems

Black Square:  F2, A3, C2

Red Circle:  D2, E3, B2

Green Square:  F3, A2, C1

Black Circle:  E2, B3, B1

Red Square:  D3, C3, A1

�

Same Expression for Cases D1, E1, F1



(  1  if  b ≥ m

(

(  0  if  b < m



Expressions for  10  Cases  (in Random Order)

—mb—!!(mb––11)

S(m,b)

Cm[ xb ∏1≤i≤b(1 – xi)–1 ]  (the coefficient of  xm  in that expression)

∑1≤d≤b —md—!!(md––11)

b! S(m,b)

Cm[ ∏1≤i≤b(1 – xi)–1 ]  (the coefficient of  xm  in that expression)

(mb––11)

∑1≤d≤b S(m,d)

(b+m–1)(m)

(mb––11)m!





Cases Whose Expressions Are Not Being Given

A1,  B1,  B2,  C1,  C2




